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Abstract. Microarray technologies are increasingly being used in bi-
ological and medical sciences for high throughput analyses of genetic
information on the genome, transcriptome and proteome levels. The dif-
ferentiation between cancerous and benign processes in the body often
poses a difficult diagnostic problem in the clinical setting while being of
major importance for the treatment of patients. In this situation, fea-
ture reduction techniques capable of reducing the dimensionality of data
are essential for building predictive tools based on classification. We ex-
tend the set covering machine of Marchand and Shawe-Taylor to data
dependent rays in order to achieve a feature reduction and direct in-
terpretation of the found conjunctions of intervals on individual genes.
We give bounds for the generalization error as a function of the amount
of data compression and the number of training errors achieved during
training. In experiments with artificial data and a real world data set
of gene expression profiles from the pancreas we show the utility of the
approach and its applicability to microarray data classification.

1 Background

Microarray technologies are increasingly being used in biological and medical
sciences for high throughput analyses of genetic information on the genome,
transcriptome, and proteome levels. Gene-expression microarrays permit the es-
timation of mRNA concentrations for a large number of genes in parallel. These
types of analysis generate vast amounts of data, often in the form of large lists of
genes differentially expressed between different sample sets being insufficient for
class prediction purposes. One challenge involves finding biologically meaning-
ful subgroups of genes that are congruently expressed in multiple experiments
(e.g. cell lines under different conditions or tissues from different disease states).
Especially the differentiation between cancerous and benign processes in the
body often poses a difficult diagnostic problem in the clinical setting while being
of major importance for the treatment of patients. In this situation techniques
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for generating simple rules on the expression values are of major importance.
This usually implies a reduction of the dimensionality of the data either with
principal component approaches or with feature selection methods. The latter is
clearly more desirable, since these methods retain a direct interpretability if the
subsequent classification concept is not too complex.

One of the few learning algorithms which provably performs well in the pres-
ence of many irrelevant attributes is the algorithm for learning conjunctions of
few Boolean variables due to Haussler [1]. Given a sample of size m whose ex-
amples are labeled according to a conjunction with at most s out of n Boolean
variables, the algorithm finds a consistent conjunction with at most s log m vari-
ables in polynomial time in n and m. By a standard Occam’s Razor bound based
on the cardinality of the hypothesis class it follows that a sample size m which
is linear in s but only logarithmic in the dimension n suffices to guarantee a
small generalization error with high confidence. This means that the algorithm
performs well even when the dimension n is exponential in the sample size m,
provided that sample is labeled by a conjunction which depends only on very
few attributes.

The set covering machine (SCM) of Marchand and Shawe-Taylor [2] is a gener-
alization of the algorithm of Haussler where the Boolean variables are replaced by
a set of features, where each feature is a Boolean-valued function on the example
space. In general, the example space may be an arbitrary subset of Rn, each fea-
ture may depend on all of the n attributes, and the set of features used by the SCM
may depend on the given sample. The algorithm of Haussler is then used to find a
conjunction of few features which makes only few errors on the sample to allow a
trade-off between accuracy and complexity. Marchand and Shawe-Taylor further
consider the specific set of so-called data-dependent balls as features and bound
the generalization error of the corresponding SCM in terms of the amount of data
compression the SCM achieves during training. The bound is obtained by a tech-
nique first used by Littlestone and Warmuth [3]. Subsequently, Marchand et al. [4]
consider data-dependent half-spaces as an alternative to data-dependent balls.

In [5], Marchand and Shah consider rays as features and an algorithm similar
to the SCM to classify gene expression data. Rays are simple threshold functions
which depend on a single attribute. The algorithm is guided by a PAC-Bayesian
style analysis of the generalization error as initiated by McAllester [6]. This ap-
proach amounts to specify a prior distribution P on the set of conjunctions of
rays. Then the error bound applies to the Bayesian classifier which is the weighted
majority vote over all binary hypothesis and where the weight corresponds to the
posterior distribution Q induced by the prior distribution P and the given sample
S. The resulting algorithm attains good theoretical and experimental results on
high-dimensional gene expression data. However, the Bayesian classifier can no
longer be expressed as a simple conjunction of rays and this might significantly
aggravate the interpretation of the classifier in the clinical setting.

In this paper we use the SCM with data-dependent rays as features. The re-
sulting classifier is then a simple conjunction of a small number of rays. We
give bounds on the generalization error based on both an analysis of the VC
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dimension of the (data-independent) hypotheses space as well as on the amount
of data compression the SCM achieves during training. Finally we apply the pro-
posed algorithm to gene expression data with the task of distinguishing between
malignant and inflammatory tumors of the pancreas.

2 The Set Covering Machine with Rays as Features

In order to describe the SCM of Marchand and Shawe-Taylor [2] we will briefly
review the algorithm for learning conjunctions with few Boolean variables of
Haussler [1]. Suppose that we are given a sample S of examples from the Boolean
hypercube X = {0, 1}n where the examples are labeled according to some con-
junction with at most r variables. Let P and N denote the subsets of all positive
and negative examples from S, respectively. We say that a variable xj is consis-
tent with a labeled example (x, y) if the j-th coordinate of x coincides with its
label y. The aim is to find a conjunction which is consistent with S and posses
as few variables as possible.

The algorithm is based on the observation that a conjunction
∧

xj∈R

xj

is consistent with the sample S if and only if the set of variables R possess the
following two properties.

1. Every variable xj ∈ R is consistent with each positive example x ∈ P .
2. For every negative example x ∈ N there is at least one variable xj ∈ R

which is consistent with x.

These two properties can be equivalently expressed in terms of the collections
of sets Rj and Qj , where Rj is the set of all positive examples x ∈ P such that
the variable xj is not consistent with x, and Qj is the set of all negative examples
x ∈ N such that the variable xj is consistent with x (R is a set of variables,
whereas Rj and Qj are sets of examples). Then the first property is equivalent
to the fact that Rj = ∅ for all xj ∈ R, and the second property is equivalent to
saying that the union of sets Qj for xj ∈ R covers the sets N in the sense that⋃

xj∈R Qj = N .
The algorithm of finding such a set of variables can be described by the

following two steps:

1. Find a set of variables that is consistent with all positive examples
2. Cover this set with as few subsets of variables, that are consistent with the

negative examples.

The task of finding the smallest such set R can be easily transformed into an
instance of the Minimal Set Cover Problem, a well-known NP-complete prob-
lem [7] and is thus intractable. There is, however, a simple greedy strategy to
efficiently find an approximate solution. Here we successively select the variables
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xk for which Rk = ∅ and |Qk| is maximal and thus Qk covers as many negative
examples as possible. After the selection of xk for inclusion in R we discard Qk

from all Qj and repeat this process with the remaining variables until there is
no negative example left to cover. It is not hard to see that after at most r log m
selected variables we have found a cover of N and thus the resulting conjunction
is consistent with S. Note that the size of the conjunction is only by the factor
log m larger than the optimal solution of size r. Furthermore, the running time
is polynomial in n and m. For a more detailed description of the algorithm we
refer to [8].

Now let us turn to the SCM algorithm. In contrast to the Boolean setting we
are now given a sample S of labeled examples from an example space X which
may be any subset of the n-dimensional real space Rn. The Boolean variables
are replaced by a set of features H, where each feature hj ∈ H is an arbitrary
Boolean-valued function on X. The set of features H is assumed to be finite but
may depend on the sample S. The collections Rj and Qj are defined analogously.
That is, Rj is the subset of positive examples from P that are misclassified by
hj , and Qj is the subset of negative examples from N that are correctly classified
by hj . The aim is now to find a small subset of features R ⊆ H such that the
conjunction

h(x) =
∧

hj∈R

hj(x)

is consistent with S. This will be done in a greedy manner similarly as above.
In order to allow a trade-off between accuracy and complexity we are given ad-

ditionally a early stopping value s and a penalty parameter p. Rather than solely
based on the the cardinality |Qj | under the constraint that Rj = ∅ as above,
now the greedy strategy selects the features hj according to their usefulness

Uj = |Qj | − p|Rj | .

Furthermore, the SCM algorithm stops as soon as the number of selected features
reaches the value of s. Thus, the parameter s bounds the number of selected
features, and the parameter p controls the fraction of errors on the positive
examples among all errors on S. Note that when p and s are both set to ∞, then
the SCM algorithm corresponds precisely to Haussler’s algorithm in the Boolean
setting where H is just the set of variables xj for j = 1, . . . , n. A more formal
description of the algorithm can be found in Figure 1.

2.1 VC Dimension

We first consider the SCM with data-independent rays as its set of features and
bound the generalization error of the corresponding SCM in terms of the VC
dimension of its hypotheses space (cf. [9]). A ray over the example space X = Rn

is a simple threshold function of the form

ht
j(x) =

{
1 if (x)j ≥ t

0 otherwise
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Algorithm SCM(S, H, s, p)

1. Initially set P ← {x | (x, 1) ∈ S}, N ← {x | (x, 0) ∈ S} and R ← ∅.
2. For each hj ∈ H let Qj = {x ∈ N | hj(x) = 0} and Rj = {x ∈ P | hj(x) = 0}.
3. Select the feature hk ∈ H with largest usefulness Uk = |Qk| − p|Rk|. If Qk = ∅

then goto step 7.
4. Set R ← R ∪ {hk}.
5. For each hj ∈ H set Qj ← Qj \ Qk and Rj ← Rj \ Rk.
6. If

⋃
hj∈R Qj = N or |R| = s then go to step 7. Else go to step 3.

7. Return h =
∧

hj∈R hj

Fig. 1. The SCM Algorithm

where (x)j denotes the j-th coordinate of the vector x ∈ X and t is a real-valued
threshold. The only constraint we impose on the set of rays when used as the set
of features of a SCM is that the thresholds are taken form a finite set of values
and consequently also the corresponding set of all rays over X = Rn is finite.

We now bound the VC dimension of the hypotheses space of all conjunctions
over a bounded number of rays (with no constraint on the number of admissible
thresholds) as follows.

Theorem 1. Let Hr
n denote the hypotheses space of all conjunctions of at most

r rays over the example space X = Rn. Then,

r log
(n

r

)
≤ VCdim(Hr

n) ≤ 2r log
(n

r

)
+ 6r .

It is well-known that the generalization error errD(h) of hypothesis h produced
by a learning algorithm can be bounded in terms of the VC dimension of its hy-
potheses space [10,9]. Recall that the generalization error errD(h) is the probabil-
ity that h(x) �= y for some labeled example (x, y) drawn according to D. We want
to bound the generalization error in terms of the number of features r and the
number of errors k of the hypothesis h produced by the SCM with rays as its set of
features. Note that both r and k are quantities which may depend on S. For this
reason we use the following bound of [11]. Let H1 ⊆ H2 ⊆ · · · ⊆ HM be a nested
sequence of hypotheses classes such that VCdim(Hi) = di for i = 1, . . . , M , let
D be any probability distribution on X×{0, 1}, and let S be a random sample of
m labeled examples drawn independently according to D. Then with probability
1− δ, if a learning algorithm finds a hypothesis h ∈ Hi which makes k errors on
the training set S, then the generalization error errD(h) is at most

2k

m
+

4
m

(
di log

(
2em

di

)
+ log

(
4M(m + 1

δ

))

provided that d ≤ m. Applying Theorem 1 we get the following bound for the
SCM with rays as its set of features.

Corollary 1. Let D be any probability distribution on X×{0, 1}, and and let S
be a random sample of m labeled examples drawn independently according to D.
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Suppose that the SCM algorithm with any finite set of rays as its set of features
on the sample S produces a hypothesis h =

∧
ht

j∈R ht
j with |R| = r and such

that h makes k errors on S. Then with probability 1− δ the generalization error
errD(h) is at most

2k

m
+

4
m

((
2r log

(n

r

)
+ 6r

)
log

(
2em

r log(n/r)

)
+ log

(
4n(m + 1)

δ

))

provided that r ≤ m
2 log n+6 .

2.2 Sample Compression

Bounds on the generalization error based on the VC dimension are generally
rather pessimistic. Better bounds can sometimes be achieved by considering the
amount of data compression a learning algorithm achieves during training. For
this purpose we consider data-dependent rays as features for the SCM algorithm.
That is, for a given sample

S = ((x1, y1), . . . , (xm, ym))

with examples from X = Rn, each feature hi
j ∈ H has the form

hi
j(x) =

{
1 if (x)j ≥ (xi)j

0 otherwise

for some position j ∈ {1, . . . , n} and some index i ∈ {1, . . . , m} of a positive
example xi ∈ P . Recall that (x)j denotes the j-th coordinate of any vector
x ∈ X. Thus, the final hypothesis has the form

h =
∧

hi
j∈R

hi
j .

Let us now see how the corresponding SCM algorithm can be regarded as a
compression scheme for the sample S. Let A denote the SCM algorithm with
data-dependent rays as its set of features and with parameters s and p. Then A
can be decomposed into a compression function f and a reconstruction function
g as follows. The function f maps the sample S to the compression set SI and an
additional set of positions J , where I = {i | hi

j ∈ R} and J = {j | hi
j ∈ R} and

SI denotes the subsequence of S which consists only of those positive examples
xi ∈ P with indices i ∈ I. The reconstruction function g takes SI and J as
inputs and returns the hypothesis

g(SI , J) =
∧

j∈J

h
tj

j

where the threshold tj of each ray h
tj

j is defined as tj = min{(x)j | x ∈ SI}.
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When A is run with penalty p = ∞, then each feature hi
j selected by A is

consistent with all positive examples x ∈ P . This means that for each hi
j ∈ R

we have xi ∈ SI and (x)j ≥ (xi)j for all x ∈ SI and, hence, (xi)j = min{(x)j |
x ∈ SI}. It follows that the reconstructed hypothesis g(SI , J) coincides with the
hypothesis h produced by A and thus A(S) = g(f(S)). Note that if h makes no
errors on S then the labels of all examples from S can be determined solely from
the compression set SI and from the additional information J . In this sense A
indeed can be regarded as a compression scheme for S.

When A is run with penalty p < ∞, then a selected feature hi
j might be

inconsistent with some positive examples x ∈ SI . For this reason we slightly
modify the SCM algorithm A by considering a feature hi

j for inclusion in the
current set R only if (xi)j ≤ (x)j for all examples x in the current compression
set SI . This modification implies that all features hi

j in the final set R satisfy
xi ∈ SI and (x)j ≥ (xi)j for all x ∈ SI as in the case of p = ∞ above. Thus for
the modified algorithm A we have A(S) = g(f(S)) also in the case p < ∞.

By using similar arguments as in [12,2] we can now bound the generalization
error in terms of the size of the compression set SI , the number of features used
in the hypothesis h, and the number of errors h makes on S as follows.

Theorem 2. Let D be a probability distribution on X × {0, 1}, and let S be
a random sample of m labeled examples drawn independently according to D.
Suppose the SCM algorithm with data-dependent rays as its set of features on
the sample S finds a hypothesis h =

∧
hi

j∈R hi
j which makes k errors on S, such

that |I| = d and |J | = r for the sets I = {i | hi
j ∈ R} and J = {j | hi

j ∈ R}.
Then with probability 1 − δ the error errD(h) is at most

ε(d, r, k) = 1 − exp
(
− 1

m − d − k
ln

(
B(d, r, k)
δ(d, r, k)

))

where

B(d, r, k) =
(

m

d

)(
n

r

)(
m − d

k

)

and

δ(d, r, k) = δ

(
π2

6

)−3

((d + 1)(r + 1)(k + 1))−2

Proof. Let S = ((x1, y1), . . . , (xm, ym)) and let f and g be the compression
scheme as described above. Recall that f(S) = (SI , J) and g(SI , J) = h. Further
let K = {i | h(xi) �= yi} be the set of k indices of examples xi which are
misclassified by h. Note that the compression set SI is always correctly classified
by h and hence we may assume that the sets I and K are disjoint. We want to
bound the probability

Pr
S∼Dm

(
errD(h) > ε(d, r, k)

)

=
∑

Pr
S∼Dm

(
errD(h) > ε(d0, r0, k0), I = I0, J = J0,K = K0

)
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where the sum is taken over all possible values 0 ≤ d0 ≤ m, 0 ≤ r0 ≤ n and
0 ≤ k0 ≤ m − d0, and all possible sets I0 ⊆ {1, . . . , m}, J0 ⊆ {1, . . . , n} and
K0 ⊆ {1, . . . , m} \ I0 with |I0| = d0, |J0| = r0 and |K0| = k0.

To bound the probability of errD(h) > ε(d0, r0, k0) with respect to fixed sets
I = I0, J = J0 and K = K0 of cardinalities d0, r0, k0, first observe that
h = g(SI0 , J0) and hence the hypothesis h is fixed as soon as the examples in the
subsequence SI0 are drawn. Since the examples in S are drawn independently
according to D, we may further assume that the d0 +k0 examples from the sub-
sequences SI0 and SK0 are drawn first. Next the remaining m−d0−k0 examples
of S are drawn. If errD(h) > ε then the probability that a single example drawn
according to D is consistent with h is less than 1 − ε. It follows that

Pr
S∼Dm

(
errD(h) > ε(d0, r0, k0), I = I0, J = J0,K = K0

)

< (1 − ε(d0, r0, k0))m−d0−k0 =
δ(d0, r0, k0)
B(d0, r0, k0)

Note that B(d0, r0, k0) is just the number of possible ways to choose the sets I0,
J0 and K0 of cardinalities d0, r0 and k0. Hence, by summing up over all possible
d0, r0, k0, I0, J0 and K0 we get

Pr
S∼Dm

(
errD(h) > ε(d, r, k)

)
<

∑ δ(d0, r0, k0)
B(d0, r0, k0)

< δ

where for the last inequality we additionally used the fact that
∑

i≥1 1/i2 = π2/6.
	


The bound of Theorem 2 is 0.27 for a data set with n = 20 dimensions m = 100
examples, 2 resulting features and 1 error on the training set (δ = 0.01). The
PAC bound from Corollary 1 is 7.23 in this case.

3 Experimental Results

The hypothesis space consisting of conjunctions of left-open intervals (the quad-
rant space) is often too restrictive - the concept could lie as well on the right side
of a threshold - the union of the left open and the right open quadrant concept
space is always used in the following.

3.1 Learning Algorithms

The following algorithms were applied to artificial and microarray data.

SCM.1 Choose p = ∞ so that only left- and right-open rays consistent with
the positive examples were used. The SCM was trained until no errors on
the training set remained (s = ∞). The possible ties in step 3. (Figure 1)
were recursively broken to generate equivalent solutions (at most 50 distinct
solutions were sought).
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SCM.2 As SCM.1 but this time the classifier with the lowest theoretical gen-
eralization bound according to Theorem 2 was taken. A run of SCM with
s = ∞ defines at step 3. (Figure 1) a sequence of features i1, i2 . . . is′ (in this
order), that are combined by conjunctions, such that the classifiers (Ck)s′

1 ,
Ck including the hypotheses hi1 . . . hik

, form a sequence of increasing com-
plexity C1 ⊂ C2 . . . ⊂ Cs′ . The Ck with the smallest generalization bound
was taken.

SCM.3 For this classifier p was varied over every fifth value of the set {i/j | i =
1 . . . mn, j = 1 . . . mp} sorted in ascending order and p = ∞. All possible ≤ m
rays were generated for each feature. The theoretical bound from Theorem
2 was used to select the optimal classifier(s).

SVM A support vector machine with linear kernel was used (the support vec-
tor implementation from the R [13] package e1071 [14] was called with ker-
nel=”linear”, scale=FALSE.

1-nn One-nearest-neighbor with Euclidean distances.
Cart Classification tree with pruning (R package rpart [15] with Gini impurity

measure).

3.2 Artificial Data

Artificial data was generated with a randomly chosen concept C from the union
of the left-open and right-open quadrant hypothesis space Qk ∪ Qc

k on the do-
main X = [0, 1]k for k < n relevant coordinates for k = 5. Once generated the
concept C was held constant and was used to generate mp = 50 positive samples
and mn = 50 negative samples with a uniform distribution of the coordinates in
C and in Cc. The remaining n−k coordinates were filled up with uniformly dis-
tributed random numbers on [0, 1]n−k in order to create n-dimensional random
vectors with k relevant and n− k irrelevant features. The number of dimensions
n were varied from {20, 100, 200, 3000}.

Data Set / n SCM.1 (p = ∞) SCM.2 (p = ∞) SCM.3
TR TE size num TR TE size num TR TE size num s p

rnd/20 0 31 2 1 0 31 2 1 0 31 2 1 2 3
rnd/100 0 55.75 3 8 1 43 2 1 1 43 2 1 2 4
rnd/200 0 78.42 4 38 2 59 2 1 2 49.78 2 9 2 4
rnd/3000 0 60.5 3 4 2 38 2 1 2 20.6 2 4 2 4

Data Set / n 1-nn SVM cart
TR TE TR TE TR TE

rnd/20 0 264 3 139 3 64
rnd/100 0 387 0 245 3 53
rnd/200 0 457 0 318 5 78
rnd/3000 0 491 0 448 6 43
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After training the classifiers the generalization error was estimated by apply-
ing the trained classifier to an independent test set with 500 positive and 500
negative samples which were chosen i.i.d. from C and Cc.

3.3 Application to Microarray Data

The described method was applied to a previously published gene expression
dataset (see Buchholz et al. [16]) with n = 169 features and 62 samples divided
into a training set of m = 42 (mp = 25 and mn = 17) and a test set of 12
positive and 8 negative samples. The best result on the test set was obtained
with the following classifier (Algorithm SCM.1):

s errTR errTE feature ray
1 4 4 Annexin A2 (ANXA2) [0.5505,∞)
2 1 4 serine/threonine-protein kinase PLK1 [0.1245,∞)
3 0 3 Asparagine synthetase (= ts11, a G1 prog protein) [0.982,∞)

For s > 1 every preceding feature s′ < s is included in the classifier (conjunction).
We have compared the ray learning algorithm with other standard methods

on the PaCa data. PaCa training and test set, and 10× 5-fold cross-validation
results are given in the table below. For the SCM simulations up to 50 solutions
were allowed. Results are given as cases (mean ± stdev):

PaCa TR TE features solutions CV
1-nn 0 2 14.1 ± 1.45
SVM 0 6 13.8 ± 2.82
CART 2 3 7.9 ± 1.60
SCM.1 0 5.46 ± 1.04 3 ± 0 37 19.62 ± 2.76
SCM.2 0 7± 0 3 ± 0 2 17.7 ± 2.46
SCM.3 1± 0 5.25 ± 0.96 3 ± 0 4 16.15 ± 2.13

4 Discussion and Conclusion

In contrast to the original SCM, which uses data dependent balls, the proposed
conjunction of rays allows a direct correspondence to the original feature space
leading to concise interpretable hypotheses, which in turn may trigger further
biological investigations. It is easy to show that for high-dimensional spaces with
a low sample size the probability to find a consistent hypothesis reaches one.

Malignant and inflammatory tumors of the pancreas could be separated with 3
genes (which would be improbable for random data) leading to a low error on the
test set. The results on the artificial data indicate a very good performance of the
SCM with data dependent rays when there are only a few informative features
within a large set of features containing noise. This construction was chosen
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to resemble the microarray data, as it is assumed that in standard microarray
studies the number of genes which are regulated across the different conditions
is low in comparison to the total number of genes investigated. The nearest
neighbor and the support vector machine attained almost an error rate of 50%
on the test sets. It seems that in these cases feature reduction is of greater
importance than the complexity of the classifier. Even for the highly selected
(for involvement in cancer) gene sets used in the PaCa data the performance is
still comparable to SVMs, only CART gave better results here.

Extensions of the scheme could include the optimization of the rays using
different utility functions and combination of sets of consistent hypotheses to
possibly increase robustness or to consider margins of the rays to break ties of
equivalent greedy solutions.

The main advantage of fusing decisions on singular features is the indepen-
dence of a precise knowledge of their scale. For instance it is still unclear on
what scale expression values in microarray experiments are. It is argued that
only comparisons of expression values within a gene are reasonable. With our
approach we only rely on an ordinal scale. Decision tree algorithms allowing
only axis parallel splits behave similar in this aspect, but have an infinite VC
dimension and thus possibly generate much more complex decision rules. In con-
trast our algorithm only generates rules of the form ”IF expression for gene A
is above 3.4 AND expression for gene B is below 2.5 AND ... THEN the risk of
the subject having disease C is increased”. These types of rules seem to be much
more appropriate for performing diagnosis or differential diagnosis in a clinical
setting.
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