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Models of Microporous
Structure

I. CLASSIFICATION AND CHARACTERIZATION OF
MICROPOROUS STRUCTURES

The general analysis of classifications of models of porosity was presented
in Chapter 1. Now let us consider the classification of models of microporous
structures.

According to these assumptions, the existing models of microporous
structures can be classified according to their

Methodology: analytical, numerical, or empirical
Vision of microstructures: determinist or random (casual)
Accounting or not accounting quantum effects: continuous or discrete

structure
Limited or unlimited number of counted elements of the porous

structure (for discrete models)

In principle, all models of microporous structures are related to some
comprehension of microporous medium formation. Let us consider some
existing models of microporous structures in the aspect of their relationship
with the processes of micropore formation.

A. Models Assuming Shape of Pores

Models of this kind are the simplest in physical chemistry of porosity.
Researchers assume shape of pores and their size distribution that allow
some estimations regarding structural characteristics of pores and measur-
able properties of porous materials. An example of such models is given
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by the Russel model of heat exchange in porous medium, assuming

that pores are cubes, all of the same size, with solid walls of uniform thick-

ness, then an equation for the thermal conductivity of porous medium is

obtained [1]:

Kpore ¼ Kcont
B1

B2
ð5:1aÞ

B1 ¼
Kdis

Kcont
x2=3 þ 1� x2=3 ð5:1bÞ

B2 ¼
Kdis

Kcont
x2=3 � x
 �

þ 1� x2=3 þ x ð5:1cÞ

where Kpore is the thermal conductivity of porous medium, Kcont is the

thermal conductivity of continuous phase, Kdis is the thermal conductivity of

the dispersed phase, and x is the porosity.
Shape-assuming models of porous structures result from extreme

difficulties in experimental and theoretical studies of pores, especially

micropores. The general criticism of shape-assuming models of porosity,

especially in the case of micropores, was given in Chapter 1, which remains

valid also for Russel-like models of structure of porous medium. Physically,

the only example when one may talk about some specifications of pore

shape and size distribution is, probably, given by porous crystals (zeolites).

B. Casual Models: Discrete and Continuous

The main idea of the casual model consists in the absolute randomness

of microporous structure. That is possible, of course, only if the pore

formation process is also absolutely random: the previous history of the
system does not influence its further evolution. Such random process of pore

formation is described by

Monte Carlo simulations for discrete models (e.g., Ref. 2)
Gauss distribution in the case of the continuous models (as it was
assumed by Dubinin and his colleagues in VFMT, see Chapter 4)

When casual models are valid? Only in systems without prehistory,

first of all low-porosity structures, where each pore is so far from others that
they ‘‘do not feel’’ one other. This corresponds to the initial stage of pore

formation, when pore formation in a fragment of the structure cannot
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influence the further formation of voids just because these are too low

number.
Practically, it is very difficult to cite examples of such structures used

in industry. Low-porosity materials do not have most of the advantages
of porous materials but have most of their disadvantages. Even methodo-
logically, the initial stage of microporous structure formation is better
described by the model of random formation with thermodynamic
limitations considered below.

C. Equilibrium Thermodynamic Model

This model assumes that microporous structure is characterized by the

following pore energy distribution [3]:

f ðeÞ � exp
�e
RgT

� �

ð5:2Þ

where, as always, e is the energy of substance inside a micropore (per 1mol
of the substance), T is temperature (K), and Rg is gas constant; f(e) is the
probability to find 1mol of substance inside pores in the energetic state
from e to de, where de is negligibly short. Though Eq. (5.1) is written for
continuous microporous structure, the same is valid for discrete structure,
while e changes from eþ de, and this time, de is not negligibly short.

Equilibrium thermodynamic model of microporous structure corre-
sponds to the equilibrium process of micropore formation (its discrete

version was considered in Chapter 3). Though the practical significance of
the equilibrium thermodynamic model is minor (among real structures that
is applicable only to some products of sedimentation), this model is very
important methodologically, because it allows the conjugation of discrete
and continuous models of pore formation and it allows the derivation of
thermodynamic functions of micropores.

D. Thermodynamic (Nonequilibrium) Model

This model was developed in a series of publications [4–8], the main idea
of which consisted in the theoretical study of the relationship between
preparation conditions of microporous materials, their internal structure
and measurable properties. Some aspects of the thermodynamic model
were already considered in Chapter 3 (problem of microporous medium
formation) and in Chapter 4 (problem of adsorptive, percolation–
permeability, and mechanical properties of microporous media). The
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thermodynamic model is formulated for both continuous [4–7] and discrete

representations of the microporous structure.
Methodologically, the thermodynamic model can be considered as the

development of the equilibrium thermodynamic model of Cerofolini, while

the equilibrium model did not allow any solution of problems considered

in Chapters 3 and 4.

E. Casual Model with Thermodynamic Limitations

This model suggested a compromise between the casual and thermodynamic

(equilibrium) models [9]. The main idea of this model, assuming that even

random processes may happen only under several thermodynamic restric-

tions, was presented in Chapter 3. The main advantage of this model

consists in the methodological conjugation between the casual and

nonequilibrium thermodynamic models, allowing the continuous descrip-

tion of microporous medium formation ‘‘from zero’’ (when the process just

starts) ‘‘to the end’’ (when the microporous material is ready).

F. Polymeric Thermodynamic Models

These models present the specific application of discrete equilibrium and

nonequilibrium models to polymeric and aggregate structures. Among this

kind of models, we notify the statistical polymer method designed especially

for the description of microporous media formed in macromolecular

structures without or with branching (maybe also cross-linking). The

facilities of this method were demonstrated in Chapter 3 (theoretical

analysis of various problems related to branched polymerization) and

Chapter 4 (modeling of mechanical resistance of elastic macromolecular

system).
Below, among all models of polymeric structures, we will deal only

with the statistical polymer method.

G. Fractal Models

As it was notified in Chapter 3, fractal models of porosity describe not pores

themselves but macroscopic sequences of their formation in conditions of

homogeneity—so-called random fractals. Fractal models do not distinguish

among open, semiopen, and closed pores, macro-, meso-, and micropores,

continuality and discreteness of the microporous phase but treat all that

‘‘in general’’ (Table 5.1).
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TABLE 5.1 Relationship Between Various Models of Microporous Structures and the Corresponding Processes of Micropore

Formation, Methodology, and Sphere of Applicability

Model of structure

Main physical

assumption

Corresponding

process of formation

of the structure

Main method(s)

used in the model

Sphere of

applicability

Shape-assuming models Shape and size

distribution of

pores are specified

Pore formation in

crystal

Analogy between

pores and macro-

scopic objects

Zeolites?

Casual (discrete) Randomness of the

structure

Randomness of

formation

Monte Carlo Very low porosity

Casual (continuous) Randomness of the

structure

Randomness of

formation

Gauss distribution Very low porosity

Equilibrium thermo-

dynamic (continuous)

Equilibrium in

porous system

Pore formation

in equilibrium

Gibbs energy

distribution

Structures prepared

in equilibrium

Equilibrium thermo-

dynamic (discrete)

Equilibrium in

porous system

Pore formation

in equilibrium

Discrete Gibbs

energy distribution

Structures prepared

in equilibrium

Thermodynamic model

(nonequilibrium),

continuous

Applicability of

thermodynamics of

nonequilibrium

Pore formation in

nonequilibrium

Equations of

statistical thermo-

dynamics of

nonequilibrium for

continuous

structure

Noncrystalline

structures
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Thermodynamic model

(nonequilibrium),

discrete

Applicability of

thermodynamics of

nonequilibrium

Pore formation in

nonequilibrium

Equations of

statistical

thermodynamics of

nonequilibrium for

discrete structure

Noncrystalline

structures

Casual model with

thermodynamic

limitations

Random structure

constrained by

thermodynamics

Random

formation under

thermodynamic

limitations

Monte Carlo

constrained by

thermodynamic

equations

Low and moderate

porosity

Models of polymeric

structures

Discrete thermo-

dynamic models

formulated for

macromolecules

Polymerization and

aggregation

Models of polymers Polymeric and

aggregated

structures

Fractal models Formation of

random fractals

Homogeneous pore

formation

Geometry of space

having dimen-

sionality below 3

Homogeneous

porous structures
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H. Analysis of the Thermodynamic Model

The thermodynamic model of microporous structure is analytically based on

the same equations that were derived in Chapter 3:

Gibbs distribution of pores in energy, for structures prepared in
steady-state processes

Equations of the chemical model, when Gibbs distribution is not
applicable or not sufficient

I. Gibbs Energy Distribution of Micropores

As it was shown in Chapter 3, steady-state synthesis of microporous

material leads to Gibbs distribution of micropores in energy:

f ðeÞ ¼ exp
�e
a

� �
ð5:3Þ

where f (e) is the amount of substance, contained in micropores and having

energy from e to (eþ de) per 1mol of the substance contained in these
micropores, and a is a parameter related to the degree of nonequilibrium of

the system. The value of e changes from emin to emax. All additive (extensive)

parameters of the microporous structure are evaluated from the following

equation:

� ¼ Q0

Z emax

emin

�ðeÞ f ðeÞ de ð5:4Þ

where Q0 is the normalizing coefficient, emin and emax are the limits of
integration of e, and �(e) is the value of the parameter � for micropores,

the substance which has energy from e to (eþ de). In the cases when the

parameter � is just the amount of the substance in micropores [�(e)¼ 1] or

the internal energy of micropores [�(e)¼ e], we obtain from Eq. (5.4)

n� ¼ Q0

Z emax

emin

f ðeÞ de ð5:5Þ

E� ¼ Q0

Z emax

emin

e f ðeÞ de ð5:6Þ
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The evaluation of n� is not a problem, e.g., by direct experimental
measurements or from material balance. The evaluation of E� is much more
difficult, and this parameter is, in most of situations, unknown and needing
to be found anyway. Hence, the four equations (5.3)–(5.6) practically
contain six unknown parameters and do not have consistent solution
without additional derivations or assumptions.

The simplest assumption allowing us to reduce the number of
unknown parameters in Eqs. (5.3)–(5.6) is the suggestion that emin¼ 0.
Physically, that means that the energy of the largest micropores (or narrow
mesopores) is negligible in comparison with that of ultramicropores.
Though the results obtained due to such assumption are inexact, this
assumption allows in many cases a good representation of the physical
image. In principle, one may suggest that

If it is important to evaluate emin as exactly as possible, then it can
be done by quantum methods, the application of which to largest
supermicropores should not be too difficult, because the effects of
near walls for them are minimal.

If it is not important to evaluate emin as exactly as possible, the
assumption emin¼ 0 is not absurd.

Following the same logic, that seems attractive to assume approxi-
mately emin¼1. However, what will be the error caused by such an
approximation?

Aiming to answer this question, let us present the parameter �(e) for
Eq. (5.4) as the following range:

�ð�Þ ¼
X1

k¼0

pkek ð5:7Þ

From Eqs. (5.4) and (5.7) we obtain

� ¼ Q0

X1

k¼0

Z emax

emin

pkekf ðeÞ de ð5:8Þ

For k¼ 0, the error is obviously zero (because there is no energetic
divergence), hence, the error of the approximation emin¼1 is determined
for steady-state regime product by the following integrals:

Jk ¼

Z 1

emax

ek exp
�e
a

� �
de ð5:9Þ
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where k changes from 1 to 1. The real value of � is

� ¼ Q0

X1

k¼0

Z 1

0

pkekf ðeÞ de�
X1

k¼1

Jk ð5:10Þ

For k¼ 1, the integration is simple:

J1 ¼

Z 1

emax

e exp
�e
a

� �
de ¼ a2ð1þ emax=aÞ exp ð�emax=aÞ ð5:11Þ

For other Jk, one may prove by the method of the mathematical deduction:

Jk
emax

a

� �
¼ �

�emax

a

� �k
exp
�emax

a

� �
� kJk�1 ð5:12Þ

Let us note that not emax but emax/a influences the value of the error. The
same is true about emax. Among all possible integrals Jk,

J1 corresponds to linear effects.
All Jk for k> 1 correspond to nonlinear effects.

Let us call integrals Jk error-integrals. Figure 5.1 presents the various
error-integrals Jk vs. emax/a.

As follows from Fig. 5.1, the linear factor of error is very short, hence,
for large values of emax/a the linear factor of error is negligible. The
increase of k is accompanied with a very significant rising of the modulus of
Jk; however, the sign of Jk is opposite to those of Jk�1 and Jkþ1: the linear
error-integral is positive, the bilinear is negative, trilinear is again positive,
etc. Hence, even for nonlinear situation error-integrals compensate one
other. As that was easy to predict, the modulus of Jk drops with emax/a.

We are interested first of all in linear effects, because

In the experimental aspect, it is too difficult to determine and measure
thermodynamic parameters in nonlinear systems (see the related
analysis in Chapter 3).

In the aspect of microporosity, microporous structures get formation
almost always in conditions of synthesis performed in linear systems
(that was also considered in Chapter 3).

In the aspect of properties of porous media, such characteristics as
adsorption–desorption, permeability–percolation, and mechanical
resistance are studied mostly in linear conditions (see Chapter 4).
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In the applicative aspect, the existing forms of uses of microporous
materials are effective only in conditions of linear systems.

Since, for the above reasons, we are interested first of all in studies of

linear systems, among all integrals Jk we are interested mostly in J1; Fig. 5.1

proves that values of J1 are moderate, hence, the error of the approximation

‘‘emax¼1’’ should not be large for most of problems interesting us, and

we may use this approximation, taking into account that several errors,

nevertheless, occur.

J. Thermodynamic Potentials of Micropores

The notions of thermodynamic potentials are conventionally applied to

chemical substances, their mixtures, and derivatives. Is it correct to talk

about thermodynamic potential of pores—specific two-phase systems, special

properties of which are determined not by their chemical components but

mostly by their exceptional structure? Since thermodynamics is applicable

to various kinds of systems, comprising multiphase systems, there is nothing

FIG. 5.1 Behavior of error-integrals Jk(emax/a): series 1: k¼ 1; series 2: k¼ 2;

series 3: k¼ 3; series 4: k¼ 4.
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incorrect with defining thermodynamic functions for micropores. The
additional arguments supporting such approach are as follows:

Pores are correctly characterized by such measurable parameters as
pressure, temperature, volume, surface area, surface tension, and
chemical composition.

Assemblages of pores are correctly characterized by such nonmeasur-
able parameters as entropy, internal energy, negentropy, and free
energy Gibbs.

Pores participate in chemical reactions and behave very specifically in
some of such reactions.

Thus, pores have all properties of chemical substances and,
respectively, can be characterized by thermodynamic potentials, comprising
chemical potential (or generalized chemical potential).

As in Chapter 3, we derive the chemical potential of micropore, using
the method of thermodynamic cycles: though the process of pore formation
is irreversible, we decompose it to some reversible stages that allow us to
define and derive the chemical potential of micropore.

We define the chemical potential of micropore as the measure of the
ability of micropore to react with various chemical substances, evaluated
as the free energy of the system ‘‘micropore walls plus the content of
micropore’’ under constant pressure, temperature, and other intensive
parameters minus the chemical potentials of all components of the system
‘‘micropore walls plus the content of micropore’’ per 1mol of the chemical
substance(s) contained in the micropore.

For the derivation of the equation for the chemical potential of
micropore, let us consider the hypothetical process of the equilibrium
and reversible formation of micropore (just hypothetical! We notified in
Chapter 3 that almost always the micropore formation process is
nonequilibrium and irreversible!) under constant pressure and temperature:

Solid() Solid � Pore ðe,TÞ ð5:13Þ

The value of the chemical potential is given by the following:

mporeðeÞ ¼ m0poreðeÞ þ RgT InXðeÞ ð5:14Þ

where T is the current temperature, m0poreðeÞ is the standard chemical
potentials of the micropore with energy e per 1mol of contained substances,
respectively, and X(e) is the volume fraction of pores having energy from e to
eþ de per 1mol of the contained substance(s). As we showed in Chapter 3,
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the equation for X(e) in steady state is given by

XðeÞ ¼ x exp
�e
a

� �
ð5:15Þ

where x is the porosity and a is a parameter related to the degree of non-
equilibrium of the system. For equilibrium, a¼RgTf, where Tf is the
temperature of pore formation in equilibrium by reaction (5.15), and
Eq. (5.14) is transformed to the following:

mporeðeÞ ¼ m0poreðeÞ þ RgT Inx� e
T

Tf
ð5:16Þ

In the physical sense of the standard potential, m0poreðeÞ þ RgT In x ¼ e, and
Eq. (5.16) is transformed to

mporeðe,TÞ ¼ e 1�
T

Tf

� �

ð5:17Þ

Obviously, for T¼Tf, mpore(e)¼ 0, because the occurrence or the absence of
the micropore has no thermodynamic advantage in equilibrium. For T>Tf,
mpore(e)< 0, and this micropore loses the contained substance. For T<Tf,
mpore(e)> 0, and the micropore gets the tendency to adsorb a fluid from
exterior. That is the thermodynamic reason for the appearance of adsorptive
properties for micropores under temperatures below the temperature of
reversible formation.

For the free energy Gibbs, we obtain from Eq. (5.17) for the specified
temperature T:

dGporeðe,TÞ ¼ e 1�
T

Tf

� �

Q0 exp
�e
RgTf

� �

de ð5:18aÞ

For the assemblage of micropores, the value of the free energy Gibbs
is obtained by the integration of Eq. (5.18a):

�Gpore,�ðTÞ ¼ 1�
T

Tf

� �

E� ð5:18bÞ

where E� is the internal energy of the microporous substructure under the
real preparation conditions. As follows from Eqs. (5.18a) and (5.18b), the
same tendency notified above for the chemical potential of micropores is
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found also for the free energy Gibbs: for T¼Tf, dGpore(e,T¼Tf )¼ 0 and

�Gpore,� (T¼Tf)¼0; for T>Tf, dGpore(e,T¼Tf)< 0 and �Gpore,�

(T¼Tf)< 0; for T<Tf, dGpore(e,T¼Tf)> 0 and �Gpore,�(T¼Tf)> 0. The

physical sense of these results does not differ from that formulated for the

chemical potential.
It is interesting to note that the derivatives of dGpore(e,T) and

�Gpore,�(T ) by temperature are negative, while ‘‘normally’’ the free energy

Gibbs increases with temperature.
The entropy of micropores is found from the following universal

equation:

dSporeðe,TÞ ¼
�@Gporeðe,TÞ

@T

dT

T
ð5:19aÞ

dSpore,�ðTÞ ¼
@Gporeðe,TÞ

@T

dT

T
¼ E�

dT

TTf
ð5:19bÞ

Sporeðe,TÞ ¼ Sporeðe,Tf Þ þ eQ0 exp
�e
RgTf

� �
lnðT=Tf Þ

Tf
ð5:20aÞ

Spore,�ðTÞ ¼ Spore,�ðTf Þ þ E�
ln ðT=Tf Þ

Tf
ð5:20bÞ

hence, the entropy of micropores after the synthesis changes with

temperature like that of nonporous solids! (See Table 5.2.)

K. Aging and Hysteresis of Micropores

The free energy of microporous system becomes the driving force for all

processes related to micropores, first of all adsorption, desorption, aging,

TABLE 5.2 Comparison of Thermodynamic Properties of Nonporous Solids and

Micropores

Criterion for comparison

For traditional

chemicals

For

micropores

Validity of thermodynamic functions Valid Valid

Main thermodynamic correlations Valid Valid

Chemical potential shows the reaction-ability Right Right

Potentials increase with temperature Right Wrong

Entropy increase with the temperature Logarithmic Logarithmic
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and hysteresis. Energetic aspects of adsorption and desorption were
considered in Chapter 4; now, let us consider aging and hysteresis related
to the free energy of the structure. The free energy of these processes is
estimated from Eq. (5.18b).

As it was mentioned in Chapter 2, the principal difference between
aging and hysteresis consists the spontaneous appearance of aging, while
hysteresis is related to exterior actions. In other aspects, hysteresis can be
considered just as a form of aging.

Let us mention the following possible mechanisms for aging and
hysteresis:

Interactions of micropores with the internal substance (contained in
the micropores)

Microcracks and destruction of micropores
Reaction to eventual exterior mechanical, chemical, or energetic (e.g.,
electromagnetic) actions

In principle, interactions with the internal substance should not cause
any fast changes in micropores, because this substance is the volatile
product of the process of synthesis of microporous material (that is
typically done under high temperature); however, this effect after a long
time cannot be neglected. The high energy of micropores stimulates all
kinds of possible chemical reactions, first of all endothermic ones,
and narrow pores, energy of which is higher, are destroyed first. If
the microporous material has a polymeric or aggregated structure, the
polymerization and cross-linking processes are stimulated until the
system gets to the equilibrium weight distribution of macromolecules
and loses the free energy. The sequences of aging by chemical interactions
comprise:

Pollution of micropores with products of such reactions
Stimulation of cracking processes

Microcracks take place in all known solid structures, mostly on their
exterior surface; however, the high energy of micropores makes them
especially sensitive to cracking. The main sequence of microcracking
consists in such a destruction of micropores that the relief of their walls
loses its sharpness (and, consequently, the energy is reduced). An example of
such softening relief is given by Figs. 5.2 and 5.3.

Exterior effects destroy micropores in the same manner that interior
chemical interactions and cracking, but their sequences appear much
faster.
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Thus, we can suggest the mechanism for hysteresis during adsorption–
desorption cycles:

During the stage of adsorption, the heat delivered due to the
adsorptive interactions (especially in the case of chemisorption)
intensifies all processes related to aging, especially cracking.

The adsorbed substance may eventually change the chemical
composition of the near layers of the continuous solid phase,
stimulating its cracking.

FIG. 5.2 Relief in micropore before softening.

FIG. 5.3 Relief in micropore after softening.
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During the stage of desorption accomplished by heating, the received
heat stimulates the acceleration of aging, and hysteresis appears.

Since aging can be approximately considered as a process in an
insulated system, the loss of negentropy with time is estimated from
Eq. (3.28), where dV¼ 0:

dU0 ¼ �ssdt ð5:21Þ

In the linear approximation, ss¼ g0U0, where the parameter g0 has the sense
of the aging parameter. The solution of Eq. (5.21) has a simple exponential
form:

U0 ¼ U0,in expð�g0tÞ ð5:22Þ

where U0,in is the initial value of the negentropy of the microporous system,
corresponding to the fresh product and evaluated as described in Chapter 3.

On the other hand, since micropores have many features of traditional
chemicals, aging can be interpreted as a chemical reaction, product of which
is the nonporous medium. A destroyed micropore is not always transformed
into a pore-free fragment of the structure, in most of cases it is transformed
into another micropore having lower energy. As a result, the fraction of
micropores having energy close to e is not only reduced because of the
destruction of these micropores but also increased due to the destruction of
micropores having energy above e, and the evolution of the microporous
system entire can be considered as the competition of processes of micropore
destruction and transformation. The resulting kinetic equation for aging of
micropores having energy close to e is written as

@Xðt,eÞ
@t
¼

Z 1

e
kaðe,e0ÞXðe0Þ de0 �

Z e

0

kaðe00,eÞXðeÞ de00 ð5:23Þ

Analytical solution of Eq. (5.23) is too complicated, therefore, for an
approximated estimation of tendencies related to aging, let us assume that
each kind of micropore ‘‘gets aging’’ independently of others, and its aging
rate is

@Xðt,eÞ
@t
� Za exp

�Ea

RgT

� �

Xðt,eÞ ð5:24Þ

where Za is the pre-exponential coefficient for aging rate and Ea is the
activation energy for aging. Let us estimate the value of the aging parameter
@ lnXðt,eÞ=@t½ 
 in relation with various factors.
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1. The pre-exponential coefficient. The relationship between the
aging parameter and the pre-exponential coefficient in Eq. (5.24) is
given on Fig. 5.4. As we can see from Fig. 5.4, the mentioned
relationship is very simple—just logarithmic. However, we have
to notify that even very low values of the coefficient cause some
measurable aging effect.

2. Influence of the activation energy. The relationship between the
logarithm of the aging parameter and the activation energy in
Eq. (5.24) is given by Fig. 5.5. Also this time the correlation is
simple. We note that large values of the activation energy over
45 kJ make the aging process slow enough. However, from general
considerations we may suggest that the activation energy for very
narrow pores is short; hence, their aging rate is not negligible.

3. Hysteresis. After all, we are interested in estimating the influence
of hysteresis on the aging. Let us consider a situation when a
microporous adsorbent is kept under 300K and used for such an
adsorption–desorption cycle that the temperature of the regenera-
tion by desorption is 1000K. Figure 5.6 presents the influence of
the exploitation time onto aging. As follows from Fig. 5.6, the
time of exploitation influences the aging: if that is short, one may

FIG. 5.4 Relationship between the aging parameter and the pre-exponential

coefficient: activation energy of aging: Ea¼ 30 kJ/mol.
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FIG. 5.6 Relationship between the time in use and aging of microporous

adsorbent: temperature of desorption is 1000K, constant of the rate of aging is

Za¼ 1Hz, and activation energy of aging is Ea¼ 30 kJ/mol.

FIG. 5.5 Relationship between the aging parameter and the pre-exponential

coefficient: constant of the rate of aging: Za¼ 1Hz.
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neglect its influence, but the longer the exploitation is, the aging
gets a very sharp rising.

II. ANALYSIS OF THE POLYMERIC MODEL

A. Characteristic Size of Macromolecules: Estimation by
the Statistical Polymer Method

The polymer size estimation presented below is based on the structural
considerations in the statistical polymer method described in [6,7,10].

Let us consider a branched non-cross-linked statistical polymer (see
Fig. 5.7).

A monomer unit in the statistical polymer is chosen as a basis. All
other monomer units can be divided into groups located on the same
distances from the basis.

Such distance is expressed in monomer units. The group located on the
distance of k monomer units from the basis is characterized (by definition)
by (kþ 2)-th level. The basis corresponds to the first level, its neighbors
form a second level, etc. Since cross-linkage is absent, units on kth level
(k> 1) can be connected to

Units on (k� 1)-th level
Units on (kþ 1)-th level

FIG. 5.7 Basis and levels in statistical polymer. Indices mean the following: 1¼ first

level (the basis); 2¼ second level; 3¼ third level; 4¼ fourth level.
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The total number of levels in the statistical N-mer is N, and the number of
units on some levels can be below 1. Each level is characterized by the
number of monomer units Rk(N) [Rk(N) do not need to be integer and can
be less 1] and vacancies Vk(N) meaning the number of units that can be yet
accepted to (kþ 1)-th level. These parameters are found from the following
recursive equations [7,10]:

RkðN þ 1Þ ¼ RkðNÞ þ
VkðNÞ

V�ðNÞ
ð5:25Þ

VkðNÞ ¼ mRk�1ðNÞ � RkðNÞ ð5:26Þ

R1ðNÞ ¼ 1 V1ðNÞ ¼ 0 ð5:27Þ

Equation (5.25) means that the probability of the acceptance of an
additional unit onto kth level is proportional to the number of vacancies
on (k�1)-th level Vk(N) per the total number of vacancies V�(N). Equation
(5.26) brings the relationship between the numbers Vk(N) and Rk(N).
Equation (5.27) illustrates the obvious fact that there is no level ‘‘below’’
the basis.

Equations (5.25)–(5.27) allow the introduction of the notion of the
characteristic size (‘diameter’) of the statistical N-mer, that being defined
as [7]

ZðNÞ ¼
XN

k¼1

WkðNÞ ð5:28Þ

WkðNÞ ¼
1 if RkðNÞ � 1

RkðNÞ if RkðNÞ 	 1

(

ð5:29Þ

The definition of the characteristic size of statistical polymer by Eqs. (5.28)
and (5.29) means that the size is normally measured in spots where at least
one unit is found. For other spots we have a problem: of course, they
influence the total size, but their contribution cannot be equivalent to that
of spots really containing one or more units.

Let us notify that the characteristic size of statistical N-mer depends
only on the number of branching m.

Figure 5.8 presents the dependence of the characteristic size of
statistical polymers of different weight on the degree of polymerization,
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for branching numbers 3 and 5: these numbers are frequently found in

polymeric and aggregated systems (corresponding to functionality or

coordination number 4 or 6, respectively).
As follows from Fig. 5.8, the value of branching m does not influence

much the characteristic size: the curves for m¼ 3 and m¼ 5 are very close,

while the curve Z(N) for m¼ 3 is over. Hence, errors in the evaluation of m

for m� 3 do not influence much the estimated value of Z(N).
The above-introduced notion of the characteristic size of statistical

polymer allows us to solve many problems related to the structure of

polymers. Let us illustrate that with calculating the inertia moment of

statistical polymers. Rotation of a statistical polymer is characterized by two

following parameters (first moment of inertia and the relationship between

first and second moments of inertia):

I1 ¼

PN
k¼1 kRkðNÞ

N
ð5:30Þ

In ¼

PN
k¼1 k

2RkðNÞ

NI1
ð5:31Þ

Figure 5.9 presents I1 and I2 as functions of N at m¼ 7.
As follows from Fig. 5.9, the inertia moments increase monotonically

with the degree of polymerization. We also notify that second moment of

FIG. 5.8 Characteristic size of statistical N-mer: series 1: m¼ 5; series 2: m¼ 3.
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inertia increases very fast: though Fig. 5.9 presents not second moment of
inertia but its relation to first moment of inertia, this relation increases even
faster than first moment of inertia.

As the characteristic size of statistical N-mer, I1 and I2 depend only
on m.

B. Influence of Cross-Linking on the Characteristic Size of
the Statistical Polymer

Cross-link formation between monomeric units belonging to k1th and k2th
levels (k1< k2) is equivalent to the transfer of the unit from k2th level onto
(k1þ 1)-th one. Hence:

Cross-linking between kth and (kþ 1)-th levels does not change the
characteristic size.

If k2> (k1þ 1), all units having level more k2 and connected with
the linked unit on k2th level ‘‘are moved’’ onto the corresponding
levels.

Of course, the assumption of nonchanging of the characteristic size
because of cross-linkages inside kth level or between kth and (kþ 1)-th levels
is an approximation, but the fraction of such cross-links is so low that the
caused error can be neglected.

FIG. 5.9 Relationship between the degree of polymerization and the value of

moments of inertia: series 1: I1; series 2: I2.
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The probability of getting cross-linkage between k1th and k2th levels is

Prðk1,k2Þ ¼ acRk1ðNÞRk2 ðNÞ ð5:32Þ

ac ¼
1

PN
k1¼t

PN
k2¼t

Rk1 ðNÞRk2ðNÞ
ð5:33Þ

where ac is the normalization coefficient.
The influence of cross-linking on the characteristic size is equivalent to

the change of the values of Rk(N):

dRkðNÞ ¼ ukþ � uk� ð5:34Þ

ukþ ¼
XN

k1¼K2þ2

nk1 ð5:35Þ

uk� ¼
Xk�2

k2¼1

nk2 ð5:36Þ

where nk1 ¼ Prðk,k1Þ and nk2 ¼ Prðk,k2Þ:
The change of the characteristic size because of formation of Cl cross-

links in a statistical polymer is equivalent to Cl times repeated transforma-
tion given by Eqs. (5.32)–(5.36).

The change of the characteristic size because of cross-linking is given
by Fig. 5.10.

We notify that, as follows from Fig. 5.10, the number of cross-links is
not so important as their existence itself (meant even the existence of one
single cross-link): even one cross-link changes the characteristic size much
more than the formation of second and third links. This result allows us to
neglect the formation of second, third, fourth, etc. cross-links in evaluations
of characteristic size and related parameters of SPM and simplify computer
calculations.

C. Characteristic Size of Multicomponent
Statistical Polymer

Equations for the characteristic size of multicomponent statistical polymer
are very similar to those for the one-component case (considered above), but
there are some changes related to the multicomponent composition.
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Equation (5.25) is written in the multicomponent case as follows:

RikðN þ 1Þ ¼ RikðNÞ þ
yiVkðNÞ

V�ðNÞ
ð5:37Þ

where Rik is the number of units of ith component on kth level, yi is the
concentration of ith component in the polymeric phase (that may easily
differ from the concentration in the bulk solution, because of preferences in
interactions between various components). As Rk, the value of Rik does not
need to be integer and may be below 1.

The number of vacancies on kth level provided by ith component is
found from the following equation equivalent to Eq. (5.26):

VikðNÞ ¼ miRiðk�1ÞðNÞ �
XM

j¼1

RjkðNÞ
Vjðk�1ÞðNÞ

VkðNÞ
ð5:38Þ

As in Chapter 3, M is here the number of components able to polymerize,
aggregate, or associate.

Equation (5.27) for the multicomponent case is transformed to a less
obvious form:

Ri1ðNÞ ¼ Yi Vi1ðNÞ ¼ 0 ð5:39Þ

FIG. 5.10 Influence of cross-linkage onto the characteristic size of statistical

polymer: series 1: non-cross-linked statistical polymer; series 2: statistical polymer

with one (single) cross-link; series 3: statistical polymer with two cross-links; series 4:

statistical polymer with three cross-links.
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The first part of Eq. (5.38) is because the basis unit is eventually
chosen in the polymeric structure; hence, its value is proportional to the
concentration of ith component in the polymeric phase.

Now, we just take into account that

RkðNÞ ¼
XM

i¼1

RikðNÞ ð5:40Þ

and all mechanical characteristics for multicomponent statistical polymers
are written as in the one-component case.

Let us notify that the above-presented method of the estimation
of the characteristic size of statistical polymer allows also the evaluation
of the radius of gyration and correlation function of branched macro-
molecules [7].

III. ANALYSIS OF THE RANDOM FRACTAL MODEL

A. Random Fractals as Structures

Some definitions related to random fractals, their formation conditions and
properties were considered in Chapters 1 and 3. We notified that random
fractals can be considered as normal objects (in many cases having high
symmetry), structure of which corresponds to non-three-dimensional space.
Now, let us consider the relationships between various parameters
characterizing random fractals.

The main idea of the formalism of random fractals consists in the
numerical description of extensive parameters of objects identified as
random fractals through a scaling-law relation [11]:

Parameter � scaleb ð5:41Þ

where b is a coefficient, value of which is determined by the dimensionality
of the fractal df.

One may divide the space of random fractal into little cells, each
having size lf, and count their number intercepted by the curve of the
surface. This number Ncell allows the estimation of the length or surface area
of the fractal [11]:

Lf ðlf Þ ¼ Ncellðlf Þlf ð5:42Þ

Af ðlf Þ ¼ Ncellðlf Þðlf Þ
2

ð5:43Þ

Copyright 2004 by Marcel Dekker, Inc. All Rights Reserved.



where Lf (lf) is the measured length (characteristic size), and Af (lf) is the
surface area of the considered fractal [11]. For a line and a surface one
obtains, respectively [11],

Line:

Ncellðlf Þ � ðlf Þ
�1

ð5:44Þ

Surface:

Ncellðlf Þ � ðlf Þ
�2

ð5:45Þ

In the general case, for a fractal having dimensionality df :

Ncellðlf Þ ¼ �f l
�df
f ð5:46Þ

where �f is the coefficient determined by the geometry of the fractal (its
symmetry). Hence, one obtains from Eqs. (5.42)–(5.46):

Lf ðlf Þ ¼ �f l
1�df
f

ð5:47Þ

Af ðlf Þ ¼ �f l
2�df
f ð5:48Þ

As it was shown in Chapter 3, random fractals can be also consistently
characterized by volume and surface area [8]:

Af ¼ af V
1�1=df
f ð5:49Þ

where the coefficient af characterizes the geometry of the fractal;
particularly, for cubes and spheres af¼ 2df. In estimations of af it is
always useful to remember that (as it was shown in Chapter 3) the symmetry
of the resulting structure is the same as the initial one: cluster growth inside
cube brings cube fractal, inside ball brings ball fractal, etc.

In most of problems, fractal formation is considered for discrete
models (otherwise the above model of cell counting would be invalid).

In any form of the characterization of fractals, the main problem
consists in the evaluation of the fractal dimensionality df or both volume
and surface area of the coexisting continuous and empty phases. Let us
consider some problems of this kind.
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B. Fractal Formation by the Casual Mechanism

The casual mechanism of fractal formation means that the growth of the
cluster inside the primary structure does not depend on the prehistory of
the system. Let us consider a discrete system having the total volume V0

and consisting of cells having (each) volume v0¼ 1. The volume balance is
given by

dV1 ¼ �dV2 ð5:50Þ

where V1 and V2 are the empty (resulting) and the filled (initial)
substructures. Of course, V1/V0¼ x (the porosity). Each cells has nn¼ 6
neighbor cells. Among the neighbor cells, there are me empty cells
(belonging to the porous cluster) and mf¼ (nn�me) filled cells belonging to
the initial (filled) substructure. If the amount (dV/v0)¼ dV of filled cells are
transformed to empty cells, the change of the internal surface area is

dAi ¼ ðnn � 2meÞA0
dV=nn
V0

ð5:51Þ

The total surface area of the porous cluster includes internal and external
areas:

Ap� ¼ Ai þ Ape ð5:52Þ

Ape ¼
A0V1

V0
ð5:53Þ

In accordance with the Monte Carlo approach, me/nn¼V1/V0, hence,
Eq. (5.51) is transformed to the following simple form:

Ap� ¼ A0V1
1� V1=V0

V0
¼ A0xð1� xÞ ð5:54Þ

From Eqs. (5.49) and (5.54) we obtain the value for the fractal dimen-
sionality of the filled substructure:

df ¼ df 0 � xðdf 0 � 1Þ ¼ 3� 2x ð5:55Þ

and for x¼ 1, df¼ 1 (dimensionality of line).
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C. Structural Characteristics of Microporous Cluster
Formed Randomly Under Thermodynamic Limitations

The physical aspect of the growth of microporous cluster randomly under

thermodynamic limitations was considered in Chapter 3. Now, let us use the
equations derived in Chapter 3 for the evaluation of structural character-
istics of microporous cluster.

The principal equations describing the evolution of microporous
cluster under thermodynamic limitations are written as (see Chapter 3):

WrðneÞ ¼ NpðneÞ exp
�nn � neÞsa0

RgT

� �

ð5:56Þ

dNf 0 ¼ �dVc
Nf 0nn

Pnn�1
K¼0 ðnn � KÞNf ðnn�KÞ

� � ð5:57Þ

dNfnn ¼ �WrðnnÞdV þ
cdV

Pnn�1
K¼0 KNf ðnn�KÞ

ð5:58Þ

dNfne ¼ �WrðneÞdV

þ
cdV

½Nf ðne�1Þðnn � ne þ 1Þ �Nfne ðnn � neÞ
=
Pnn�1

K¼0 ðnn � KÞNfk

ð5:59Þ

dV ¼
dNf

rf
ð5:60Þ

where Nfne is the number of filled cells having (each) ne empty neighbors, ne
is the number of empty neighbor cells, � is the normalization coefficient,

and dV is the change of the volume of the porous cluster.
Figures 5.11–5.16 below present the change of the numbers of Nfne

(ne	 5) vs. the volume fraction of the porous phase for varied value of
s*¼ (sa0) and T¼ 500K. The parameter s* has the sense of the surface
tension per 1mol of cells forming the continuous solid phase. Of course, Nfne

do not need to be integer numbers.
We can notify, based on Figs. 5.11–5.16, that the surface tension

(cohesive force) in the continuous phase influences much the structural
parameters of the product of synthesis of microporous material. The
tendency of the increase of the fraction of filled cells having less empty

neighbors with the increase of the surface tension (Nf0) on Fig. 5.11 and Nf1

on Fig. 5.12) is obvious. Respectively, the fractions of other filled cells
(having more empty neighbors-Nf2, Nf3, Nf4, Nf5) decreases. Physically,
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one can explain this fact by the tendency of avoiding the growth of the
internal surface with the increase of the cohesive force. One of the sequences
of this phenomenon consists in the increase of the connectedness of the
resulting microporous structure.

FIG. 5.12 Number of filled cells having (each) one empty neighbor only (Nf1) as

function of porosity, for varied surface tension in the continuous phase: series 1:

s*¼ 10,000 J/mol; series 2: s*¼ 1000 J/mol.

FIG. 5.11 Number of filled cells having filled neighbors only (Nf0) as function

of porosity, for varied surface tension in the continuous phase: series 1: s*¼
10,000 J/mol; series 2: s*¼ 1000 J/mol.
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FIG. 5.14 Number of filled cells having (each) three empty neighbors only (Nf3)

as function of porosity, for varied surface tension in the continuous phase: series 1:

s*¼ 10,000 J/mol; series 2: s*¼ 1000 J/mol.

FIG. 5.13 Number of filled cells having (each) two empty neighbors only (Nf2)

as function of porosity, for varied surface tension in the continuous phase: series 1:

s*¼ 10,000 J/mol; series 2: s*¼ 1000 J/mol.
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FIG. 5.16 Number of filled cells having (each) five empty neighbors only (Nf5)

as function of porosity, for varied surface tension in the continuous phase: series 1:

s*¼ 10,000 J/mol; series 2: s*¼ 1000 J/mol.

FIG. 5.15 Number of filled cells having (each) four empty neighbors only (Nf4)

as function of porosity, for varied surface tension in the continuous phase: series 1:

s*¼ 10,000 J/mol; series 2: s*¼ 1000 J/mol.
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Figure 5.17 presents the behavior of the internal surface area.
It is important to notify that the free energy of the microporous cluster

is always negative for low values of porosity, due to the entropy factor.

IV. CONCLUSIONS

1. Elementary assumptions about the limit range of available energy
for micropores allow the obtainment of the consistent system of
equations for characteristic parameters of microporous media
formed in steady-state conditions. The error of the mentioned
assumptions can be neglected for micropores.

2. In the thermodynamic aspect, specific properties of microporous
media can be formulated in terms of chemical potential introduced
for micropores. Most of properties of the function of the chemical
potential of micropores are very similar to those of traditional
substances.

3. The driving force for aging of micropores and many kinds of
hysteresis is the high chemical potential of micropores.

4. The characteristic size of statistical polymer, needed for the
calculation of structural parameters of branched macromolecular
systems, is introduced in the probabilistic sense for statistical
polymer itself.

FIG. 5.17 Internal surface area in system with microporous cluster: series 1:

s*¼ 100 J/mol; series 2: s*¼ 1000 J/mol; series 3: s*¼ 10,000 J/mol.
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5. All structural characteristics of non-cross-linked branched macro-
molecule depend only on its number of branching (related to its
functionality).

6. The effect of cross-linkage reduces significantly the characteristic
size of statistical polymer, while the number of formed cross-links
is not so important.

7. Fractal properties of microporous substructures (clusters) can be
characterized in one of the following form:
a. Just the value of the fractal dimensionality
b. The values of the internal surface and volume of both empty

and continuous phases
8. Calculations on the base of the discrete model show that structural

properties of microporous clusters formed due to a mechanism of
removal of filled cells depend much on the surface tension
(cohesive forces) in the continuous phase. The increase of the
value of the surface tension leads to the increase of the
connectedness of the empty substructure.

9. Evaluations of the free energy of microporous substructure show
that not all microporous media have specific (first of all
adsorptive) properties. The conditions of the appearance of
adsorptive properties for a microporous substructure comprise:
a. Sufficient value of the surface tension in the continuous

phase per the thermal energy (determined by the current
temperature)

b. Sufficient value of the porosity
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