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Central Force

7.1 INTRODUCTION

Central force is one of our most important topics and difficult to do it justice in just a few chap-
ters. The importance of central force becomes obvious when one considers the numerous forces
in nature that are central forces: gravitational, electric, atomic, and molecular forces to name
just a few. To start, we will establish the relation between central force and potential energy. We
will describe central force motion as a one-body problem and will show that this leads to the de-
scription of the properties of such motion, the most interesting being Kepler's laws of planetary'
motion. By introducing the concept of effective potential, one can discuss motion qualitatively,
thus leading to a clearer understanding. We will extend this approach to describe orbits in an in-
verse-square central force field, leading to a discussion of Kepler's laws. We will discuss two
interesting applications: perturbed circular orbits and orbital transfer, that is, going from one
orbit to another.

7.2 CENTRAL FORCE AND POTENTIAL ENERGY

A central force acting on a particle is one that is always directed toward a fixed point called the
center (or origin) of the force. Furthermore, if interaction between any two objects is represented
by a central force, then the force is directed along the line joining the centers of the two objects.
Thus a central force acting on a particle at a distance r from the force center may be repre-
sented by

F(r) = F(r)r (7.1)
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where r is a radial unit vector. This form of the force law implies that the angular momentum
of the particle is conserved or unchanged. On the other hand, if the central force is isotropic,
that is,

F(r) = F(r)f (7.2)

the central force will be conservative; hence the mechanical energy of a particle is constant. In
our discussion in this chapter, we shall limit ourselves to this latter form of the central force;
hence both angular momentum and energy will be conserved. In this case, these conservation
laws are the result of radial symmetry. Since the unit vector may be written as f = r/r, we may
write Eq. (7.2) as

F = F(r) -
r

(7.3)

The importance of central isotropic forces becomes obvious when one considers the numerous
forces of this kind that exist in nature, for example: (1) gravitational forces (attractive) that de-
scribe planetary motion; (2) coulomb or electrostatic forces (repulsive and attractive) that, in ad-
dition to other applications, lead to the formulation of the Rutherford and Bohr models of the
atom; (3) intermolecular long-range forces called van der Walls forces, described by

F(r) =
K

(7.4)

w here Kx and K2 are constants [the potential function that results in the force function given by
Eq. (7.4) is called Lennard-Jones]; (4) atoms, which in a cubic crystal behave like three-di-
mensional harmonic oscillators, governed by central forces; and (5) nuclear forces of the
Yukawa type represented by

F(r) =
r2 (7.5)

where Ku K2, and K3, as constants.
We stated that central forces are position dependent and conservative. Hence we should

be able to introduce a potential energy function V(r) for such central forces. But this is possible
only if the curl of the force vanishes; that is,

curl F = V x F = 0

Writing Eq. (7.3) in component form,

F = iFx+jF v + kFz = (ix- kz)

(7.6)

(7.7)

we get

x
r

= ZF(r)
r

(7.8)
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We may write Eq. (7.6) as

Central Force Chap. 7

dz dxj \ dx dy.

For this to be true, each of the three component expressions must be zero. For example,

(7.9)

dy dz
must be zero. Using Eq. (7.8), we obtain

and, similarly,

dr\ r I dy Z dy dr

dz dz dr \ r

Substituting Eqs. (7.11) in Eq. (7.10) yields

dy dz) dr

From the relation,

r = (x2 +y2 + z2)m

dr y dr z
— = ~ and — = -
dy r dz r

We substitute these in Eq. (7.12), showing

(V x F), = 0

In the same manner, we can show that

(V x F)}, = 0 and (V x F)z = 0

Thus, for the central force F,

V X F = 0

(7.10)

(7.11a)

(7.11b)

(7.12)

(7.13)

(7.14a)

(7.14b)

(7.15)

which implies that the central force is conservative, and it is possible to associate with it a po-
tential energy function V(r) such that P

F(r) = -grad V(r) = -VV(r) (7.16)
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In spherical coordinates, the gradient operator V [Eq. (6.63)] is

„ d . i a
f + e —

dr r 96 rsind d(f>
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(7.17)

Since the potential energy function V is a function of the magnitude of r only, that is, V = V(r),
9 and (f> dependence do not enter in Eq. (7.16); therefore,

dr

or the magnitude of F is given by

F = -
dV

dr

We can go a step further and write the reverse relation as

V = V(r) = - { F(r) dr
J r

(7.18)

(7.19)

(7.20)

T3 CENTRAL FORCE MOTION AS A ONE-BODY PROBLEM

Consider an isolated system consisting of two bodies that are separated by a distance r = rj,
with the interaction between them described by a central force F(r). If the bodies are spherically
symmetric or are point masses, a system consisting of two particles can be described by means
of six quantities or coordinates. Thus if r t and r2 are the two radii vectors of particles of masses
w, and m2, then the six components of these radii vectors describe the system completely. The
equations of motion of the two particles are

/n,r, = F(r)r

m2r2 = -F(r)r

where r, - r,

(7.21a)

(7.21b)

(7.22)

as shown in Fig. 7.1. The force between the two particles is attractive ifF(r) < 0 and repulsive
:f F(r) > 0. Equations (7.21) are coupled by the relations of Eq. (7.22); that is, the behavior of
r and r2 depends on the magnitude of r.

Instead of describing the preceding system by the six coordinates of r, and r2, it is con-
venient to describe the system by an alternate set of six coordinates: three coordinates describ-
ing the center of mass by R and three coordinates describing the relative position by r. That is,

and

(m, + m2)R = m,r, + m2r2

r = r, - r9

(7.23)

(7.24)
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m2

Figure 7.1 System consisting of two
particles of mass mx and m2 located at

X ri and r2 from the origin.

Here, R describes the motion of the center of mass and r describes the relative motion of one
particle with respect to the other, as shown in Fig. 7.2. Since no external forces are acting on
the system, that is, R = 0, the motion of the center of mass is that of uniform translational mo-
tion and hence is of no interest.

We now proceed to find the motion described by r. Divide Eq. (7.21a) by mx, Eq. (7.21b)
by m2, and subtract

which, after rearranging, gives

r, - r 2 = I — + —)F(r)r

m,m7

m2

or

where

/if = F(r)r

m,
or

m, m2 m. rru

(7.25a)

(7.25b)

(7.26)

and ix is called the reduced mass. Equation (7.25b) is identical to Eq. (7.21a) or (7.21b), which
describe the motion of a single particle ml or m2 under the influence of a central force F(r). In

Figure 7.2 Description of a system of
two particles by means of six coordi-
nates: three coordinates describing the
center of mass by R and three coordi-
nates describing the relative position
by r.
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F{r)i

Figure 7.3 System of two bodies de-
scribed by an equivalent one-body
problem of mass /J, and relative coordi-
nate r.

Eq. (7.25b), m has been replaced by the reduced mass /x. Thus Eq. (7.25b) can be depicted as
shown in Fig. 7.3. A two-body problem has been replaced by an equivalent one-body problem
in which we have to determine the motion of a particle of mass /x in a central force field F(r).
'Note of caution: A thre^or^nore-hody problem cannot be reduced to a one-body problem as
we have jlone here. Hence the exact solutions of such problems are not known.)

Now we can use Eq. (7.25b) to find r = r(/) and then solve for r, and r2 by using
Eqs. (7.23) and (7.24); that is,

and

r, = R +

R -

m2

m2

m,

m2

As we said earlier, the center of mass moves with uniform velocity so that

R = 0

which has the solution

R =

(7.27)

(7.28)

(7.29)

(7.30)

By choosing initial conditions such that at t = 0, v0 = 0, and RQ = 0, we get R = 0; that is, the
•rigin coincides with the center of mass and Eqs. (7.27) and (7.28) reduce to

m-,

m, m2
m\

r , = -
m1 m2

(7.31)

(7.32)

.vhere r, and r2 are measured from the center of mass, as depicted in Fig. 7.4.
Finally, it may be pointed out that in Eq. (7.26), if the mass of one of the two particles is

• ery large, say m2> mx, then

1 1 J
m,
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IfR =

Figure 7.4 Position of two particles
in a system from the center of mass at
rest at the origin.

and Eq. (7.25b) reduces to

m,r = F(r)r

which states that the center of mass is almost located at m2 if m2 §> mx (that is, as if m2 is infi-
nite as compared to mx), while r = r, - r2 - r^ Hence the problem can be treated as a one-
body problem. Thus, whenever we use mass m instead of /x, we are indicating that the other mass
is very large, whereas the use of /x indicates that either the two masses are comparable or that a
better accuracy in calculations is desired.

Once we have calculated r(t) we can calculate rx(t) and r2(t) from Eqs. (7.31) and (7.32).
Most of the time we are interested in the path or the orbit of one particle with respect to the other
particle; hence we need not solve for rx(t) and r2it).

7.4 GENERAL PROPERTIES OF MOTION UNDER A
CENTRAL FORCE

Equation (7.25b), that is,

ju,r = F(r)r (7.25b)

as depicted in Fig. 7.3, describes the motion of a particle of mass n and can be solved for r(f»
only if we know the form of the central force F(r). Furthermore, it is a vector equation; hence
three components must be considered. Much can be learned about the motion of the particle
without actually solving these equations if we know that the force is a central force, even though
we do not know the actual form of the central force. The properties of the general solution of
Eq. (7.25b) are based on the conservation laws.



Sec. 7.4 General Properties of Motion under a Central Force

Central Force Motion Is Confined to a Plane
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In the situation under consideration, the central force F(r)r is along r; hence it cannot produce
torque T on the reduced mass /x. This means that the angular momentum L of mass /A about an
axis passing through the center of force is constant, as we show now. If p is the linear momen-
:um of a particle of mass /A, the torque T about an axis passing through the center of force is

dL

But

Hence

Since

.- e have

That is,

• * ^ ( r X p ) = ^ ( r X m v )

d\
= r X m h v X m v

dt
dv

m —- = ma = F and v x v = 0
dt

dL
T = — =r X F

dt

r X F| = |r| |F| sin 0° = 0

dL
T = — = 0

dt
L = r x p = constant

(7.33)

(7.34)

(7.35)

(7.36)

Thus, if the angular momentum L of mass fx, is constant, its magnitude and direction are fixed
n space. Hence, by definition of the cross product, if the direction of L is fixed in space, vee-
rs r and p must lie in a plane perpendicular to L. That is, the motion of particle of mass /x is
•n fined to a plane that is perpendicular to L.

Thus, if the angular momentum of the particle is constant, the motion of the particle is
. :>nnned to a single plane, as shown in Fig. 7.5. The problem has been simplified to a motion in

Figure 7.5 Motion of a particle under the influence of a central force is con-
fined to an XY plane perpendicular to L.



246 Central Force Chap. 7

two dimensions instead of three dimensions. If the plane is chosen to be an XY plane, the mo-
tion can be described by the x, y coordinates. It is convenient to use plane polar coordinates (r, 6).
and in such coordinates the equation of motion [Eq. (7.25b)], that is,

/JLT = F(r)r

takes the form [after replacing r by a and using Eq. (6.30)]

fi(r - r82)r + /i(r0 + 2r0)8 = F(r)r

or, equating the coefficients of the r and 8 on both sides,

ix(r - rd2) = F(r)

' 2r'd) = 0

(7.25b»

(7.37)

(7.38>

(7.39)

We shall make use of the preceding equations to arrive at some other important properties of
central force motion.

Angular Momentum and Energy Are Constants of Motion

In arriving at the preceding results, we used the fact that the direction of L is fixed. There are
two other constants of central force motion: (1) the magnitude of the angular momentum L, that
is, |L| = L; and (2) the total energy E of the system. Each of these constants, L and E, is called
the integral of motion (or first integral of motion). These constants can be used to solve the prob-
lem of central force motion much more easily than solving Eqs. (7.38) and (7.39).

Using Fig. 7.6, the angular momentum of a particle of mass fju at a distance r from the force
center is

That is, since L is constant,

L = rp = r/xve = r/x(r6)

L = /Jbr2d = constant (7.40)

Y A

Figure 7.6 Motion of a particle de-

scribed in plane polar coordinates.
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Remember, we said that the center of mass has uniform translational motion; hence it is
of no interest. Another way of saying this is that the conservation of linear momentum (even
though a constant of motion) does not add much to the description of the motion. The remain-
ing first integral of motion is the conservation of total energy E. Since there are no dissipative
systems and central forces are conservative, the total energy is constant. That is,

E = K+V(r) = constant (7.41)

where V(r) = —J F(r) • dr, and E is evaluated from initial conditions. Using Fig. 7.6,

E = \mv2 + V(r) = ^/m(r2 + r2d2) + V(r) (7.42)

Substituting for 6 = L/fir2 from Eq. (7.40) into Eq. (7.42),

1/ . , L2

+ V(r) — constant (7.43)

Note that the expression for E does not contain 6.
In the expression for E, the first term is the radial contribution to kinetic energy, and the

second term is the contribution of angular momentum to potential energy. We can arrive at the
theorem of energy conservation by starting with Eq. (7.38).

Law of Equal Areas

We have shown that for a particle moving under a central force F(r), which may have any r de-
pendence, the angular momentum L of the system is constant; that is, it is constant both in mag-
nitude and direction. An important consequence of this fact is that the radius vector r traces
equal areas in equal intervals of time, as shown next.

Consider a mass /A at a distance r(ff) at time t from the force center O, as shown in Fig. 7.7.
In a time interval dt, the mass moves from P to Q, and when at Q it is at a distance r(0 + dff)
from the force center O. The area dA swept by the radius vector r in time dt is (assuming ds to
be very small, almost a straight line, since dd is small) equal to the area of the triangle OPQ;
rhat is,

dA =\r(rdd) =\r2d6 (7.44)

or rdt
dd
dt

Figure 7.7 Area dA swept by a radius
vector r in time dt.
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Substituting for 0 = L//xr2 from Eq. (7.40), we get

dA L
— = — = constant
dt 2/u,

(7.45)

which states that the areal velocity is constant, which is true for any particle moving under the
influence of a central force. Equation (7.45) is a statement of Kepler's second law of planetary
motion, also known as the law of equal areas. In addition, if the motion is periodic of period T.
we may integrate Eq. (7.45) and obtain

\ dA = \ ~ dt

or 2/4
(7.46)

Since the law of equal areas is the consequence of the fact that L is constant, we may write

L = r, X p, = r2 x p2 (7.47)

Applying this to the situation shown in Fig. 7.8, where mass m moves in an orbit around mass
M—say, Earth going around the Sun—we may write p = mv, where v is the tangential velocity:

rlVl = r2v2 = r3v, (7.48)

For areal velocity to be constant, if r increases, v decreases, as demonstrated in Fig. 7.8, so that

A2 A3 (7.49)

It is important to keep in mind that A remains constant for the orbit of a given object but is dif-
ferent for different objects.

Figure 7.8 Kepler's second law, that is, the law of equal areas: Ax = A2 = A3.
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7.5 EQUATIONS OF MOTION

Let us go back to Eqs. (7.40) and (7.43), that is,

L — jxr2d = constant

249

and
1/ L2 \

E = -Ur2 + - j + V(r)
2\ /xr1/

(7.40)

(7.43)

If we know V(r), these equations describe the motion of the system and can be solved for d(t)
and r(i), respectively. The set [6(t), r(t)] describes the orbit of the particle in parametric form
where time t is the parameter. Very often we are interested in finding the orbit equation in the
form of a relation between r and 6, that is, r = r(6). We shall set up the equations to get solu-
tions in this form. It may seem that we started to solve Eqs. (7.38) and (7.39) in plane polar co-
ordinates and that somewhere along the way we abandoned them, but this is not true. If you
look closely, Eqs. (7.40) and (7.43) are the direct consequences of Eqs. (7.39) and (7.38),
respectively.

We may write Eq. (7.38) as

mr = F(r) + mrd2 (7.50)

[Since (i = Mml(M + m) and M> m, (JL — m. This approximation is good as long as we do not
need high accuracy. Thus we are going to start using m instead of JX unless conditions in the prob-
lem dictate otherwise.] Equation (7.50) can be made identical to a one-dimensional case if we
can replace 9 by Llmr2 [using Eq. (7.40)] and introduce a term, called the effective force, Feff,

Feft(r) = F(r) + mrd2 = F(r) + (7.51)

where mrd2 (=L2/mr3) is treated as another force term—a fictitious force (because it is simply
a product of mass and acceleration)—and is usually referred to as centrifugal force, Fcent,

Thus Eq. (7.50) reduces to

mr =

(7.52)

(7.53)

and can be treated as an equation in one dimension.
As before, we can use the definition of effective force given by Eq. (7.51) to introduce an

effective potential, Veff(r),

Feff(r) dr =

Assuming rs to be infinity, we get

(7.54)
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Thus the effective potential is the sum of the real potential and an additional term called cen-
trifugal potential or centrifugal barrier denned as

Vcent Imr2 (7.55)

Making Eq. (7.50) look like Eq. (7.53) has a much deeper meaning. Using Eq. (7.53), we are
observing radial motion as viewed from a rotating reference frame. In this rotating frame, the
force looks to be Feff(r). It is the central force nature of this force that leads to the conservation
of energy given by Eq. (7.43). Solving Eq. (7.43) for r (using m instead of /x),

. _ dr
r ~ dt

Integrating this equation, we obtain

(7.56)

(7.57)

which gives t(r), but we can rearrange to solve for r(t). Once we have obtained tit) we can in-
tegrate Eq. (7.40) to obtain 0(0, that is,

dr

dt mr2

On integrating, we get

0= 0'o L mr2 dt

(7.58)

(7.59)

We may state that Eqs. (7.57) and (7.59) are the solutions of Eqs. (7.38) and (7.39), respectively.
Of course, these solutions are in terms of four constants: L, E, r0, and 60. These constants can
be evaluated from initial conditions, that is, the initial position and initial velocity for the mo-
tion in the plane.

If we want a relation for 9(r) or r(d), we may proceed as follows:

• - d L -
r ~ Jt ~

6
or

6
dd = - dr

r

Substituting for r and d from Eqs. (7.56) and (7.58), we get

(L/m^dr
au — —i— — (7.60)
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which on integration gives

(L/m^dr

251

(7.61)

Since L is constant in time, so is 0, which will not change signs; hence 6 will increase mono-
tonically with time.

Thus to describe motion in a central force problem involves integrating one, two, or all
three equations given by Eqs. (7.57), (7.59), and (7.61), yielding r(t), 0(t), and r{6), or 0(r), re-
spectively. Such integrations are not always possible. Suppose the force law depends on some
power of radial distance and is given by

F{r) = Kr" (7.62)

where A" is a constant. For n = 1, the force law corresponds to the case of a harmonic oscilla-
tor; for n = —2, the force law corresponds to the inverse-square force law representing gravita-
tional force and Coulomb force. These are the two most important cases. One of these, n = 1,
has already been discussed in detail, while the other, n = — 2, will be discussed in this and fol-
lowing chapters. For n = 1, —2, and —3, the resulting solutions are usually expressed in terms
of circular functions. For certain other values of n (integer or fractional), solutions are generally
expressed in terms of elliptic integrals.

In most situations we are interested in either (a) finding the orbit of the system (the path
of the particle in space) without regard to its time dependence, assuming that the force law F(r)
is given, or (b) if the orbit of the system is given, evaluating the form of the force law. An equa-
tion that can accomplish either of these can be obtained by starting with Eq. (7.38),

F(r) = mr — mrO

and making the substitution

From Eq. (7.40)

•

8 =

r =

L L

m

and from Eq. (7.63), we obtain r and r to be

and

L du

mdd

L2 ,d2x
r = — —r u

m2 d62

(7.38)

(7.63)

(7.64)

(7.65)

(7.66)
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Substituting for r, r, and 9 in Eq. (7.38), and rearranging, (Problem 7.7) we get

L2 r.Su L2 ,

m m

which after rearranging may be written as

d2u m (\
or (7.67)

This equation is a differential equation that may be solved for u(6) and hence for r(9), which de-
scribes the orbit of a particle moving under a central force F(r)r. On the other hand, if the orbit
of the particle is given in polar coordinates r{9), this differential equation may be solved to find
the form of the force law F(r). A special case is in order. For L = 0, the above equations do not
hold. From Eq. (7.40), mr2O = L = 0 means that since m i= 0, r ¥= 0, therefore, 9 = 0, or
6 = constant, which implies the path of the particle is a straight line passing through the origin.

l\
I ) Example 7.1
/
A particle of mass m is observed to move in a spiral orbit given by the equation r='k6, where k is a con-
stant. Is it possible to have such an orbit in a central force field? If so, determine the form of the force func-
tion. Draw the path of the spiral orbit in polar coordinates.

Solution

To determine the force law use Eq.
(7.67). Substitute u = 1/r and then
calculate the first and the second
differential of u with respect to 9 as
shown.

Thus Eq. (7.67) takes the form as shown.

Substitute for 8 = r/k.

Solve this equation for the force Fu.

Thus the force law is central and is a
combination of an inverse cube and
inverse fifth-power law.

i=k-9

d-us_

u_ 1

r
u

2

1
» k-e

2
de k-e:

i= Fu
7 1

L -u

2 1 -M 2 2
i • k 6 -Fu

de2'

k-e3) ( k ' e ) L 2

2T?

•r Fu

Fu=-2-
(AM) (r3-M)
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Such a force law gives an almost spiral orbit, as illustrated in the polar graph below. (A pure
inverse cube force yields a spiral orbit.) For k = 5, we may write r = 59.

n:=1..50 6 :=—-n
11 20

r :=
n

(a) How will the graph look if it is drawn
in rectangular coordinates?

(b) How will the graph of Fu versus r
look in rectangular or plane polar
coordinates?

150.

210

240 300
270

EXERCISE 7.1 Repeat the example for a spiral orbit given by r=k-e

7.6 CENTRAL FORCE FIELD ORBITS AND EFFECTIVE POTENTIAL

In describing the motion of a particle under the action of a central force, we have shown that the
motion is limited to two dimensions. Furthermore, by using the conservation of angular mo-
mentum and energy, we have reduced a two-dimensional motion to two one-dimensional mo-
tions. The conservation of total energy, according to Eq. (7.43), is

1
mr2 L2

V(r) = Vcent(r) + V(r) (7.68)

where Knd and Vcent are the kinetic energies due to the radial and angular motions (Vcent may be
written as Km%, representing the kinetic energy due to the angular motion), respectively. Since
Vcent is r dependent and so is V(r), the two terms are combined as the effective potential energy;
that is,

where

E = \mr2 + Veft(r)

to = ĉen, to + V(r) = V(r)

(7.69)

(7.70)

The dependence of total energy E on the variables r and r is similar to the motion of a particle
in one dimension (as discussed in Section 2.5) if we replace x by r, x by r, and V(x) by Veffto.
Hence the energy diagram method discussed in Chapter 2 can be applied here.
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Before proceeding further, it is necessary to understand that there are significant differ-
ences between the energy method as applied to one-dimensional motion and its application to
any two-dimensional motion that has been reduced to two one-dimensional motions. First, in
one dimension, energy E alone determines the nature of the motion in a conservative field. In
central force motion, the characteristic of the motion depends on both parameters, energy E and
angular momentum L. Second, we must not forget that, while the radial distance r is changing
with time, so is 9 changing with time. That is, as r is changing, the vector r is also rotating.
Hence, even though we solve for r, in order to understand the orbital path of a particle, both r
and 6 must be taken into consideration. The only exception to this is the case of circular motion
in which the magnitude of the vector r remains constant and is equal to r0, the radius corre-
sponding to minimum VeS.

We shall now apply the energy diagram method, making plots of Veff versus r, to the two
commonly encountered force laws: (1) the isotropic harmonic force law, and (2) the inverse-
square force law. The salient features of central force motion can be well understood by first
considering the case of a harmonic oscillator, as shown in Fig. 7.9(a). For this case,

F(r) = -kr or V(r) = \kr2

Hence Eq. (7.70) for effective potential becomes

L2

i*

(7.71)

(7.72)

The plots of V(r), Vcent, and Veff are shown in Fig. 7.9(a). VeS has a minimum at r0. For a given
total energy E (greater than the minimum energy Eo — [VeS(r)]min), the particle oscillates between
two extreme values of r, r, = rmin and r2 = rmax; that is, rmin < r < rmax. The two points are the
turning points in motion. At these points the radial velocity is zero; that is, r = 0. These turning
points are the roots of the equation [energy conservation, Eq. (7.68)], with f = 0; that is,

E - V(r) -
2m?

= 0 (7.73)

These two radial distances, r, and r2, define two circles of radii r, and r2 about the force center
in the plane of the orbit. And it is the angular motion that restricts the motion of the particle
within these two circles (discussed later).

Energy '

Figure 7.9(a) Graphs of V(r), Vcent,
and Veff for an isotropic harmonic force
law.
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Figure 7.9(b)

Below are the graphs of attractive real potential VR, centripetal potential VC, and the total
effective potential VE versus distance r. Also shown is a particle with total energy El = 212.

The characteristics of the VE plot are clear. i •• r., 1

No particle exists with energy less than k := 1.5 L := 10 m := .01
min(VE) = 122.1. Particles with energy
slightly greater than this will have harmonic v c ._ L

 V R

motion. Each particle has two turning points; 2m- (r.)2 +. .01
for example a particle with energy 212 has
turning points at r = 5 and r = 16. VE. :=VR.+• VC. El. :=212

500
VE5 =214.828

VE]6 =211.493

min(VE) =122.1

VE9 = 122.1

20

(a) Explain why a particle cannot have energy less than min(VE).

(b) Describe the characteristics of the motion of a particle with energy much greater than
min(VE) (for example, 500).

Figure 7.9(b) is the same as Fig. 7.9(a) for certain values of &, L, m, and El. It is clear that
for the turning points: (rmin = r5) < (r = r9) < (rmax = r]6). For energy El the radii of the two
circles that limit the motion of the particle of total energy El correspond to points r5 and rl6.

We now discuss the motion of a particle in the inverse-square force field. Figure 7.10(a)
shows an attractive potential V(r) versus r, which starts from r = 0, has a very large negative
potential, increases with increasing r, and reaches zero as r reaches infinity; that is,

V(r) = - oo at r = 0 and V(r) -> 0 as r -> oo
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Figure 7.10

(a) Given are the graphs of VR
versus r for an attractive inverse
square force law and VC versus
r for different values of L.

VR = real potential field
VC = centripetal potential for

three different values of L
VE = effective potential = VR + VC

(b) Given are the graphs of VE
versus r for different values of L.

N: = 60

VR : = --
K

VR.

-2000'

i : = 0. .N j = 1 . 3 L j -

m:=.l K: = 37

To

V C i , j : = -
2-m-fr.V-i-.01

1.5

2400

-7200'
0.5 1.5
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Furthermore, the potential has l/r dependence and the corresponding force has an inverse-
square dependence; that is F(r) = Kr ~2, where K is negative for an attractive force. Shown in
Fig. 7.10(a) are the plots of III 2mr2 versus r for three different values of angular momentum
L3> L2> L{. The resultant effective potential Veff(r) is obtained by combining the single func-
tion V(r) with each of the separate three centrifugal potential curves, as shown in Fig. 7.10(b).
All these curves show minima in the potential, and this is due to the fact that V(r) varies as l/r
[or F(r) varies as l/r2]. [If V(r) varies as l/r2 or any higher power of r, a minimum in the curve
will not occur.]

Now let us discuss the motion of a particle with the help of a typical energy diagram. Fig-
ure 7.11 shows the Vefl(r) versus r curve for a particular value of L. [This could be any one of
the VE versus r plots in Fig. 7.10(b).] If the energy of a particle is less than the minimum en-
ergy Em, no physically meaningful motion is possible because this results in r being an imagi-
nary quantity. If the energy of a particle in such that E = Em, there is no radial motion; hence
the particle must move in a circle of radius r0. If the energy of a particle is greater than zero, say
E = E4, the motion of the particle is unbounded. A particle headed toward the force center can
come as close as r4 and then must turn back, and may go back to infinity. We say there is a sin-
gle turning point at r = r4. Thus, for a particle with energy E > 0 having the assumed form of
potential, the motion is unbounded and there is a single turning point.

Now suppose a particle has energy between E = 0 and E = Em, say E^, as shown in
Fig. 7.11. The radial motion of the particle will be confined to the values of r = rx = rmin and
r = r2 — rmax. The points r, and r2 are the turning points. Actually, the motion is confined be-
tween the areas of two circles of radii rx and r2, as shown in Fig. 7.12. The motion is periodic
with the radial time period Tr, which is the time the particle takes to go from rmin to rmax and then
back to rmin. In Fig. 7.12, Tr is equal to the time in going from A to B. Furthermore, the orbit

E A

E, -

Figure 7.11 Graph of Vaf(r) versus r
for one particular value of L; the range
of motion of particles with different
energies.
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Figure 7.12 Motion of a particle with
energy 0 > E > Em is confined be-
tween two circles of radii r{ = rmin and
r2 = rmax, resulting in precessing mo-
tion. As 0 changes for r moving from A
to B results in Tr while r moving from
A to A' results in Tn.

must be such that it is tangent to both the circles at the turning points, such as A on the outer cir-
cle and X on the inner circle, respectively. The reason is that at the turning points the radial ve-
locity r must be zero, while the tangential velocity cannot be zero because of angular momen-
tum. As shown in Fig. 7.12, the orbit at A is tangent to the outer circle, and when it reaches X,
it is tangent to the inner circle. The orbit continues and once again becomes tangent to the outer
circle at B. The time it takes for the particle motion to go from A to X and then to B is equal to
the radial time period Tr. Note that vector r is continuously changing direction. The time it takes
to turn through 2TT angle is called the angular time period Te, also called the characteristic time
period or the revolution time period. In Fig. 7.12, to start with, vector r was equal to OA, and
after turning through 2TT angle, it is at OA'. The time it takes for vector r to reach OA' is equal
to the period Te.

Thus it is clear that, for a particle with energy E such that 0 > E > Em, the motion of the
particle will be doubly periodic, with periods Tr and Te. The characteristic of the orbit strongly
depends on the ratio of these two periods. If the periods are commensurable, that is, the ratio of
the two periods TJTe can be expressed as the ratio of two integers, the particle will ultimately
(in time equal to the lowest multiple of Tr and Te) come back to exactly the starting position.
Such orbits are called closed orbits. Another way of stating this fact is to say that the orbit will
be closed only if

A0 _ a

2TT~ b
(7.74)

where a and b are integers; that is, A0 is a rational fraction of 2TT. If the orbit is closed, the av-
erage frequency of revolution /rev (or angular frequency) may be defined as

/rev
1 _ number of oscillations necessary to close the orbit

Tm, total time needed to close the orbit
(7.75)

The ratio Tg/Tr depends on the force law and the values of E and L. If the two periods Tr and Te

are equal, the closure of the orbit will happen after only one time period; meanwhile 6 increases
by 2 .t. This situation happens in the case of an inverse-square law force (gravitational and elec-
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trostatic forces). On the other hand, for a situation like the one shown in Fig. 7.12, where Tr is
slightly greater than Te, the radius vector r rotates through greater than 2 77, while r completes
one revolution from rmin to rmax and back to rmin. It will take a large number of revolutions be-
fore a particle comes back to its initial position; hence the orbit is nearly closed. Such orbital
motion is described as precessing motion (discussed in Chapter 13).

If the radial and the angular periods are incommensurable, the orbit will never close, that
is, it is an open orbit. The whole area between the circles will be completely filled by the mo-
tion between rmin and rmax.

Let us consider the case of a repulsive force F(r) = Kir2 and V(r) = Kir, where K is posi-
tive for repulsive potential. Hence V(r) is positive and decreases monotonically with increasing
r. The resultant effective potential will always be positive; hence there will be no bounded mo-
tion. These points are illustrated in Fig. 7.13. For a given value of L, Fig. 7.13(a) shows the plots
of KentM ( = Lt/lmr2), V+(r), which is a repulsive potential, and V~ (r), which is of the same
magnitude as V+(r) except that it is an attractive potential. Figure 7.13(b) shows the plots of

= V+(r) H j , repulsive force (7.76)

V(r) ,

Veff (attractive)
K<0

(a) (b)

Figure 7.13 (a) Plots of attractive potential V (r), repulsive potential V+(r),
and VctM ( = llllmr1) versus r. (b) Plots of attractive effective potential V f̂ and
repulsive effective Vjf versus r.
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K<0

/r>o

(a) (b)

K=0

K<0

(c)

Figure 7.14 Trajectory of a particle: (a) in an attractive potential, (b) in a re-
pulsive potential, and (c) in attractive, repulsive, and no potential. Note that rc]

(attractive) < rc2 (no potential) < rc3 (repulsive).

and

= V~(r) + attractive force (7.77)

It is quite clear that for any energy E (>0) of a particle there is no bound motion, and there is
only one turning point at rt, as shown. If a particle is under the influence of such potentials, V f̂f

or V~ff, the trajectory of the particle will be as shown in Fig. 7.14 and as explained next.
Suppose a particle with energy E is at infinity and is traveling toward the center of force

0. At such large distances, both V(r) and L2/2mr2 are zero; hence the particle travels in a straight
line with a speed v0 = (2E/m)m. The particle misses the center of force by a distance b, called
the impact parameter, as shown in Fig. 7.14. Thus the angular momentum L of the particle is

L = mvob (7.78)
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Energy

V(r)
(faster than Mr2)

Figure 7.15 Plots of V(r), Vcent

(=L2/2mr2) and VtB versus r for poten-
tials that fall off faster than Mr1.

The value of v0 defines E, and the value of b further defines L. Thus, for such given values of E
and L (or hence v0 and b), Fig. 7.14(a) shows the trajectory of a particle in an attractive poten-
tial and Fig. 7.14(b) shows a repulsive potential. It is clear that the distance of closest approach
rc (from the force center) or turning point is much smaller for an attractive potential than for a
repulsive potential. Figure 7.14(c) shows the distances of the closest approach for the attractive
and repulsive potentials, as well as no potential at all (K = 0), with the result

rcl(attractive) < rc2(no potential) < rc3(repulsive)

We shall be concerned with these trajectories when we discuss scattering or collision problems.
Finally, let us discuss potentials that fall off more rapidly than Mr2 with increasing r. The

resulting effective potential is shown in Fig. 7.15. For a given value of E, a particle has two pos-
sible motions: a bound motion if it is between r = 0 and r = rx, and an unbound motion if r >
r2. The region between rt and r2 is forbidden. This potential is similar to one between an inci-
dent proton and an atomic nucleus. According to an energy diagram interpretation, the proton
may be trapped between r = 0 and r = rx, or it may be free for r > r2, r2 being the turning point.
(It is shown quantum mechanically that the proton has some probability of penetrating the for-
bidden region rx — r2.)

Example 7.2

According to Yukawa's theory of nuclear forces, the attractive force between a neutron and a proton in-
side the nucleus is represented by a potential function of the form

V(r) = k ^ - (0

where k and a are constants and k < 0.
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(a) Find the force F(r) and graph it. (b) Discuss the motion of a particle of mass m moving
under the influence of such a force by making a graph of Vef. (c) Calculate the time
period T, the energy E, and the angular momentum L if the particle moves in a circle of
radius rO. (d) Calculate the time period of the small oscillations, that is, for the lightly
perturbed circular motion.

Solution

(a) and (b) Given the expression for
the potential function, we can find the
expression for the force between the
two particles as shown.

From V and F, we can calculate
the effective potential Vef = V + Vcent
as shown and then make plots of F
and Vef. Maximum and minimum

values of F and Vef are as shown below.

V(r)=
k-e

F=-
d k-e

dr r

(i)

(ii)

F=-V(r)
dr

F=k-exp(-a-r)
(a-r+1)

I:=200

k: = -.95

i :=!..!

M:=.OO1

r. ! = -
200

a:=0.5 L:=.005

F. : = k-e
-a-r. I a-r . -(- 1

i l l 1 Vef. :=

2-M-fr.

min( Vef) =-17.528 min(F) =-3.8-10*

max( Vef) =310.474 max(F) = 0

Vef200 = " ° - 5 6 4 F200 = ~ ° - 8 6 4

rO :=.O42

(c) For the particle to move in a circle,
the applied force F [calculated in (a)] Fc_
must be equal to the centripetal force.
By equating the two, we can calculate the F(r0)=Fc
velocity in the circular motion as shown.

0.125 0.25 0.375

-M-v0

rO

(iii)

25
F.

1L 0
Vef.

1

- 2 5

50*-
0.5

(a-rO+1)
k-exp(-a-rO) —-M-

2rO rO

(iv)

(M-rO)

Using the velocity, we can
calculate the time period. T=

2-jt-ro T=2-7i

vO
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From VO and V(r), we can
calculate the total energy and
the angular momentum.
E = kinetic energy + potential energy
L = angular momentum

c 1 . 2 1 2 exp(-a-r)
E=— M-v -t-Vr E=—-M-v -|-k-

2 2

or

L=MvOrO

2

(a-

(a-rt

(M

r O - 1

rO

) + • ! ) "

•rO)

r

a-a-rO

rO

-arO
e

rO

(v)

L=jM-JrO-Jk-Jex'p(-a-rO)-J-a-rO- 1 (vi)

(d) If the motion is not circular,
we must calculate the time
period by using keff as shown. Tr=2jt- keffss-

dr2 r 2-M-(r)2 simplifies to

keff=-

2 3 2 2\
a -exp(-a-r)-M-r -t-2-k-a-exp(-a-r)-M-r + 2-k-exp(-a-r)M-r+ 3-L j

M-r
(vii)

Ti=2jt- I by substitution, yields
keff

Tr=2-;r-
M

2 3 2 2

k-a -exp(-a-r)-M-r -|-2-k-a'exp(-a-r)-M-r + 2-k-exp(-a-r)-M-r-)- 3-L

How do you explain the difference in the expressions for T and Tr?
(viii)

EXERCISE 7.2 Repeat the example for the case of a potential of the form v(r)=k-
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7.7 ORBITS IN AN INVERSE-SQUARE FORCE FIELD

The force acting on a particle moving in space under an inverse-square force may be written as

F(r) = -,- r or F(r) = -^ (7.79)
r r

while its potential energy is given by

V(r) = - f F(r)dr=-\ '-\dr
rr K

r2

Assuming r̂  = °° and V(°° ) = 0,

V(r) = K

r
(7.80)

where K < 0 for an attractive force and AT > 0 for a repulsive force. Two important cases of an
inverse-square force are: (1) gravitational force, which is always attractive, and the quantity K
and the constant G, which are

K = -Gmlm2 and G = 6.67 X 10~ n N-m2/kg2

and (2) the coulomb force, for which the quantity K and the constant e0 are

1
K =

47ren

(7.81)

(7.82)

where e0 = 8.85 X lCT12C2/N-m2

e0 is the permittivity of free space. If q1 and q2 have the same signs, the force is repulsive and
K > 0 (positive), while if q{ and q2 have opposite signs, the force is attractive and K < 0
(negative).

As before, without actually solving the equations of motion, we can determine the nature
of the orbits by discussing the effective potential, which for the inverse-square force is
[Eqs. (7.70) and (7.80)]

(7.83)
Imr2

The plots of Veff(r) versus r for four situations (K < 0, L = 0; K < 0, L +- 0; K = 0, L # 0; K > 0,
L ¥= 0) are shown in Fig. 7.16 and Fig. 7.17. As discussed earlier for K > 0, E is always posi-
tive and there is no periodic motion in r. The same is the case for K = 0, except that the turning
point for a given value of E and L occurs at a smaller value of r than for-Z > 0. The motion in
both cases is unbound. For an attractive force (K < 0), both bound (L ¥= 0) and unbound (L =
0) motions are possible. The latter corresponds to the one-dimensional motion of a falling body.

For K < 0 and L =£ 0, then motion of the particle is unbound if E > 0, and the turning
pom. occurs at a distance smaller than for the case K = 0. The motion is bound and periodic if
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,= 0
Figure 7.16 Plots of Veft(r) versus r
for different values of K and L. For £ =
£min = —mf^/lL2, the particle moves in
a circle of radius r0.

£ < 0. The minimum in the effective potential energy curve is given by the condition that at the
equilibrium point dVeS/dr = 0:

d d IK
et (r) = — —

K

That is, rn = - (7.84)

while the value of Veff at r = r0 is obtained by substituting for r0 from Eq. (7.84) into Eq. (7.83);
that is,

L2 K L2

+
K

rn 2mr2
0 -L2/mK 2m(-L2/mK)2

1 mK2

or 2 L2 (7.85)

as shown in Figs. 7.16 and 7.17. Thus for E = £ 0 = £min = Veff(r0), as given by Eq. (7.85) a par-
ticle moves in a circle of radius r o (= —L2lmK) given by Eq. (7.84). But if the energy is less than
0 but greater than -mK}l2L2, that is, -mK2l2L2 < E < 0, the coordinate r oscillates between
two turning points, as shown in Fig. 7.18. For all negative values of E and L + 0, the orbit of
the particle is an ellipse. If the value of E is very close to the minimum value of £min, the period
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Figure 7.17

Below is an inverse square force field. VR is the graph of an inverse square force law
proportional to 1/r with K = KR =-60. VE is the effective potential, which is the sum of
VR and L =50.

L:=50The bound motion is possible
only for potential VE. 3 because :._ x 3 N = 30

it has two turning points.

m:=10 KR:=-60

VE5 j = 1 5 VE,5 j =3.889

V E 5 2 = 5 VE, 5 2 =0.556

V E 5 3 = - 7 VE153=-3.444

VR5=-12 VR15=-4

max(VE) = 175 min(VE) =-7.188

max( VR) = 0 min( VR) = -60

K.:

50

0
• 60

VEV i,j
,_ K i

r.
i

L2

2.m.(r.)2

V V

30 r

VE.
1,2

VR.
"15

-301

r. :=i

VR. :=
KR

\

*

i * >\ >^ V V yf jy ^ •

7.5 22.5 30

For what values of VE, will the motion of an object almost be a simple harmonic motion?

Which of the potentials lead to bound motions and which to unbound motions?

of small oscillations in r is the same as the period of revolution. The orbit is a closed curve (cir-
cle) with the origin slightly off center. In the remainder of this section we will continue our dis-
cussion of an attractive force.

Now we proceed with an analytical treatment of the attractive inverse square force prob-
lem. Starting with Eq. (7.67),

Su
+ u = - m

2,.2Wu
(7.67)
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mK2_
21/

E,

— Em

Figure 7.18 For -mlC-IlL1 < E < 0, the coordinate r oscillates between two
turning points as shown. For all negative values of E and L + 0, the orbit of the
particle is an ellipse. For E close to Emin, the orbit is a closed curve (circle) with
the origin slightly off center, r, and r2 are the turning points of a particle with en-
ergy Ex. For E > 0, the orbit is unbound.

where

when substituted in Eq. (7.67) yields

A = F(r) = ^ = Ku2

cfu mK

(7.86)

(7.87)

This is a second-order inhomogeneous differential equation similar to the one for a forced har-
monic oscillator (see Chapter 3) except that 6 plays the role of t. The homogeneous part of the
equation,

dd-
+ u = 0 (7.88)

which is similar to the equation of a simple harmonic oscillator with o) = 1, has a solution

uh = A cos(0 - </>) (7.89)
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where A and cf> are arbitrary constants. The particular solution of the inhomogeneous Eq. (7.87)
is a constant given by

mK

L2 (7.90)

Thus the general solution of Eq. (7.87) is

or
1 mK

M = - = T- + A cos(0 — rf>)
r L

(7.91)

This is an equation of a conic section (ellipse, parabola, or hyperbola) with its focus at r = 0.
The constant $ determines the orientation of the orbit in the plane and can be taken to be zero.
The constant A is positive and determines the turning points in the r motion, as discussed next

Let rt and r2 be minimum and maximum distances of the turning points corresponding to
the minimum and maximum values of r in Eq. (7.91). These points can be found by substitut-
ing the maximum and minimum values of A cos(0 — <j>), which are +A and —A, respectively.
Thus the turning points (shown in Fig. 7.18) are

I mK I mK

vr~i}+A and ? = ~i}- (7.92)

A cannot be less than mK/L2 because that would give a negative value of r, and if A is greater
than —mK/L2, then there is only one turning point (the same as for K > 0), as shown in Figs. 7.16
and 7.18.

Another way of finding the turning points is to solve the following equation for the case
where a particle has energy E:

K

This is a quadratic in IIr, and the two roots are

= E

mK
+ +

mK\'

If) ' L2 J

and
1 mK \(mK\2 2mE~\ 1/2

(7.93)

(7.94)

(7.95)

Comparing Eqs. (7.92) with (7.94) and (7.95), we find the value of A in terms of £ and L to be

m2K2 ^ ^ m

A =
2mEV

(7.96)

which is used in Eq. (7.91) to describe the orbit of the particle.
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The condition that determines the nature of the orbit can be found by comparing Eq. (7.91)
with the standard equation of a conic section. From plane geometry, the general equation of a
conic section is

1 + e
r = rn 1 + e cos 6

(7.97)

where e is called the eccentricity of the orbit and r0 is the radius of the circular orbit corre-
sponding to the given values of L, K, and m (or for e = 0, r = r0). We now rearrange Eq. (7.91)
[with 0 = 0 and A given by Eq. (7.96)] to take the form

1

Comparing

and

;Eqs.

r —

(7.97) and (7.98),

mK 1 •+

we obtain

e =

ro = -

[-AL

AL1

mK

L2

mK\

2/mK] cos 8

1

+ e

(7.98)

(7.99)

(7.100)

The minimum value of r is obtained by letting 0 = 0 and cos 8 = +1 in Eqs. (7.97) and (7.98);
that is,

1 L2 1

1 + e mK 1 + e
(7.101)

while the maximum value of r is obtained from Eqs. (7.97) and (7.98) by substituting 6 = Trand
cos 6 = — 1 and using the value of r0 from Eq. (7.100); that is,

1 + e

1 - e

1

mK 1 - e
(7.102)

We can solve Eq. (7.100) to obtain e; that is,

e = mKrn

- 1

Combining Eqs. (7.99) and (7.96), we get

e=
2EL2

mK2

(7.103)

(7.104)

Thus we have obtained the values of rx ( = maximum radius), r2 (= r0 = minimum radius), A,
and e given by Eqs. (7.102), (7.101), (7.96), and (7.104), respectively. As shown in Fig. 7.19,
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Figure 7.19

The value of the eccentricity determines the shape of the orbit,

e = 0 is a circle

2-jt

e = 0.5 (between 0 and 1)
is an i

N : = 2 8 n : = 0 . . N 9 : = — - n m : = 1 . . 4 r 0 : = 1 . 5
n N

e = 1 is a parabola

e = 1.5 is a hyperbola.

(0.002 is added to avoid singularity)

(a) What determines that the
ellipse will be inside the circle or
outside the circle?
(b) Why does the hyperbola
have two branches?
(c) Under what conditions
will the orbit reduce to a straight
line?
(d) Besides e, what other
factors determine the shape of
the ellipse?
(e) How does the phase angle
determine the shape or
orientation of an orbit?

e :=
m

.5

1.5

1 + e

90

n, 1
-0-

n,2
-X-

n,3

V4

the value of e determines the shape of the orbit. From Fig. 7.18, for Em = Vo, the different or-
bits are

Vo
E
E
E
E

<
=
=
>
<

E<0,
Vo,
0,

o,
Vo,

0
e
e
e
e

<
=
=
>
<

e<\,
0,
1,
1,

o,

ellipse
circle (special case of ellipse)
parabola
hyperbola
not allowed

These orbits are shown in Figs. 7.19 and 7.21.
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Figure 7.20 Definitions of different
quantities in elliptical orbits.

Case (a) Ellipse: An ellipse is a curve traced by a point so that the sum of its distances
from two fixed points F and F' (called foci) is constant; that is (Figs. 7.20 and Fig. 7.21),

r + r' = 2a

Using Fig. 7.20, one obtains the following equation of an ellipse in polar coordinates with the
origin at one focus:

a(\ - e1)

1 — e c o s Q

where a, the semimajor axis, is related to the minimum radius r0 by the relation

r0 = a{\ - e)

while the semiminor axis b is given by

b = a(\ - e 2 ) m

(7.105)

(7.106)

(7.107)

where e < 1. We can further calculate the length of the major axis in terms of the energy of a
particle. According to Eqs. (7.100), (7.101), and (7.102),

"

Substituting for e from Eq. (7.104), we obtain

2 L

2a=+f

(7.108a)

(7.108b)

which states that the length of the major axis is independent of L and that all orbits with the same
major axis have the same energy, or vice versa. Furthermore,

+ (7.109)
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Straight line
y = 0

Yi.

Circle

x2 + y2 = a2

r = a
0, attractive force center

Ellin

X2

a2' b2 '
a(l - e2)

r 1 - e cos 6
F or F', attractive force center

Parabola

y2 = ± 4ax
2a

r ~~ i - cos e
F, attractive force center
F', repulsive force center

a2 b2

a(e2 - 1)
r ± 1 - e cos 6
F, attractive force center
F', repulsive force center

Figure 7.21 Shapes of different orbits and their equations in rectangular and

plane polar coordinates.
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That is, the shape of the ellipse depends on the value of e and not on r0; r0 is simply a scaling
factor.

Case (b) Circle: If e = 0, then a = b and the two foci F and F' coincide, while
Eq. (7.105) yields

riff) = r = a (7.110)

which is an equation of a circle (see Fig. 7.21).

Case (c) Hyperbola: A hyperbola is a curve traced by a point such that the difference
of its distances from two fixed points F and F', called the foci, is constant. The hyperbola has
two branches

r' - r =• 2a, (+branch to the left)

r' — r = — 2a, (—branch to the right)

For hyperbola e > 1, Eq. (7.97) takes the form

a(e2 - 1)
r = ± 1 — e cos 6

(7.111)

These features of a hyperbola are shown in Fig. 7.21. The angle a that the asymptotes make with
the axes is obtained by substituting r = cc in Eq. (7.111) and 9 = a; that is,

1
cos a = ± —

e
(7.112)

Case (d) Parabola: A parabola is a curve traced by a point so that its distance from a
fixed point, called the focus F, is always equal to its distance from a fixed line, called the direc-
trix. The resulting equation—which may be obtained from Eq. (7.97) by substituting e = 1 and
assuming r is minimum when 6 = IT—is

2a
r = 1 - cos 0

(7.113)

where a is the distance from the focus F to the directrix (see Fig. 7.21).
As an alternative, we can write the equation of a conic section in a more general form as

1
= B + A cos(0 + 4>)

r

Comparing the results obtained and keeping in mind that

b > a for an ellipse

b = a for a parabola

0 < b < a or - a < b < 0, for a hyperbola

(7.114)

(7.115a)

(7.115b)

(7.115c)

we can obtain the values of e, A, and B in terms of m, K, L, and E for different orbits (see Prob-
lem 7.31).
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7.8 KEPLER'S LAWS OF PLANETARY MOTION

After years of analyzing the astronomical data taken by Tycho Brahe, early in the seventeenth
century Johannes Kepler announced three laws that described the motion of planets around the
Sun. The first two laws were published in 1609 and the third in 1619. These laws, called Kep-
ler's laws, may be stated as follows:

I. Law of Orbits: Planets move in elliptical orbits with the sun at one focus.
II. Law of Areas'. A line (or position vector) joining any planet to the sun sweeps out equal

areas in equal intervals of time.
III. Law of Periods'. The square of the period of revolution of any planet is proportional to the

cube of the semimajor axis of the orbit. (The law of periods is also called harmonic law.)

Newton's law of universal gravitation was given shortly after Kepler's laws, and it pro-
vided the theoretical description of the motion of planets, consistent with experimental facts.
There is a fundamental difference between Newton's laws of motion and Kepler's laws. New-
ton's laws are about motion and force, in general, and as such implicitly involve an interaction
between objects, whereas Kepler's laws describe the motion of a planetary system and do not
involve interaction. Newton's laws are dynamic, giving relations between force, mass, distance,
and time, whereas Kepler's laws are kinematic, giving the relation between distance and time.
Kepler's laws should apply not only to a solar system but to moons going around planets and to
artificial satellites. In addition, Kepler's laws are valid whenever an inverse-square force law is
involved.

We have already seen that the first of these laws, the law of orbits, follows directly from
Newton's law of gravitation, that is, from the inverse-square nature of the force of gravitation.
The second law, the law of areas, results from the fact that the angular momentum remains con-
stant. We have already shown this to be true (see Section 7.4), because gravitational force is a
conservative force; hence angular momentum is conserved. In this section we prove the third
law, the law of periods.

Let 7 be the time period of an elliptical orbit. Then, according to Eq. (7.46),

LT
Area of an ellipse = — = Trab = ira2 V 1 — e2

2/x
(7.116)

where a is the semimajor axis, b is the semiminor axis, and e is the eccentricity. But using the
relation Eq. (7.108a) (note that we are using the reduced mass yu, instead of m),

L2

a = —
1

or 1 - ez = -

1 - el

L1

which, on substituting in Eq. (7.116), and rearranging yields

7*
~3 -K

= constant (7.117)
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TABLE 7.1.

Planets

Mercury
Venus
Earth
Mars
Jupiter
Saturn
Uranus
Neptune
Pluto

Satellites

Cosmos 382
ATS 2
Explorer 28

Kepler s Third

e

0.206
0.007
0.017
0.093
0.048
0.055
0.047
0.009
0.249

0.260
0.455
0.952

Law Applied to Planets and Satellites

a(X107km)

5.79
10.82
14.96
22.79
77.83

142.7
286.9
449.8
590.0

18,117
24,123

273,740

T(yi)

0.24
0.62
1.00
1.88

11.86
29.46
84.01

164.97
248.4

143
219.7

8.4 X 1013

aVT2

3.39 X 1018

3.31 X 1018

3.36 X 1018

3.37 X 1018

3.37 X 1018

3.36 X 1018

3.36 X 1018

3.37 X 1018

3.35 X 1018

2.91 X 108

2.91 X 1O8

2.91 X 108

which is the statement of Kepler's third law. Substituting K = — GMm and /x = Mm/(M + m),
we get

T2 =
G(M + m)

(7.118)

In all practical situations, m is very small as compared to mass M; hence it may be neglected.
For example, even for the largest planet Jupiter, mass m = (l/1000)Af, where M is the mass of
the sun. Thus neglecting m as compared to M, Eq. (7.118) reduces to

T2 ~
4TT 2

GM'
(7.119)

The application of Kepler's third law as applied to some planets and some artificial earth satel-
lites is shown in Table 7.1.

i/Example 7.3

A satellite of mass m = 2500 kg is going around Earth in an elliptic orbit. At the farthest
point from Earth (apogee = da) the altitude is 3600 km, while at the nearest point
(perigee = dp) the altiude is 1100 km. Calculate the energy E and angular momentum L
of the satellite and its speed va and vp at da and dp, respectively.
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The major axis 2a and the constant
K = GMm may be calculated as

shown.

E = energy of the satellite in
an elliptical orbit, from
Eq. (7.108b), is E=-K/2a

El = the energy of the satellite
before launching.

EN = Energy needed to put the
satellite in the orbit.

K=E2a

ec = the eccentricity, may be
calculated from Eq. (7.109), da is
maximum r and dp is minimum r.

Using Eq. (7.104), we can
calculate the value of L for
the given value of ec. There
are two roots; we use the
positive one.

Re: = 6400-10

m: = 2500

M :=5.98-1027

,_2-Re-t-da-i-dp

2

K: = mgRe

2-a

El :=-m-g-Re

EN : = E - E I

K: = E-2-a

da- dp
ec := -

da:=3600-10 dp := 1100-10

G: = 6.673-10"U-10"3

g:=9.8

2-a = 1.75-107

K = 1.004-1018

E=-5.734-1010

El =-1.568-1011

EN = 9.946-1010

K=-1.004-1018

ec-0.143
2-a

2 . 2-E-L
ec =1 H

m-K

LI : =

ra = the distance at the apogee
from the center of Earth

Using the energy relation, we solve
for the velocity, va, at the apogee.
Once again we get two roots for va.
Using the positive root, calculate the
velocity va.

ra : = Re-|- da

_ 1 2 K
E=—-m-va H

2 ra

-1

LI =1.466-1014

-1
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va = 5.866'10

277

Ra: = Re+da Rb : = Re-(-dp

Ra = l-107 Rb =7.5-10°

Using Eq. (7.48), we can
calculate the velocity vp.

Ra
vp : = —-va

Rb
vp=7.82M(T

EXERCISE 7.3 Repeat the example for a satellite ATS for which e = 0.455 and a = 24,123 km.

9 PERTURBED CIRCULAR ORBITS: RADIAL OSCILLATIONS
ABOUT A CIRCULAR ORBIT

We shall divide the discussion in this section into two parts. First, we shall discuss the special
case involving only an inverse-square attractive force and, second, a more general case involv-
ing a general force law. Consider a satellite of mass m going around Earth in a circular orbit of
radius r0 having energy Eo. Suppose the energy of the satellite increases from Eo to Eo + AE,
where AE is a small increment in its energy, while its angular momentum remains the same.
This is achieved by firing its engines for a short interval of time radially toward the center of
Earth. This situation is shown in Fig. 7.22, where Vea(r) is plotted versus r. For energy Eo, cor-
responding to the equilibrium point r0 in the potential curve, the orbit is a circular one of radius
r- and is described by r(t) = r0 = constant. We want to find a new orbit corresponding to the en-
ergy EQ + AE as shown. For a small AE we use the following procedure, which results in a slight
;hange in the circular orbit. For Eo + AE, the object has two motions: (1) an angular motion
;orresponding to a circular motion of radius r0 and energy Eo, and (2) superimposed on it, a ra-
dial motion between rmax and rmin. For small deviations from Eo, the Vett{r) in the vicinity of r0

;an be approximated by a parabolic potential. Thus small displacements about an equilibrium
position resulting from radial motion will be simple harmonic about the equilibrium position r0.
We investigate the two motions, radial simple harmonic and angular, as follows.

The effective potential in this case as given by Eq. (7.83) is

(7.83)
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Energy

Figure 7.22 For a particle of energy
Eo, the orbit is a circular one. A slight
increase in energy to Eo + A£ leads to
a superposition of radial simple har-
monic motion on the circular orbit (an-
gular motion).

where K = -GMm and /i, = Mml(M + m). Since the slope is zero at the minimum of the
potential,

dV.eff

dr
(7.120)

gives L= V- (7.121)

The effective spring constant keS for simple harmonic motion may be calculated by taking the
second derivative of Veff; that is,

k = (7.122a)

gives
2K 3L2

Using the value of L2 from Eq. (7.121), we obtain

Ktt ~ 3
r0

(7.122b)

(7.123)
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while the frequency of the radial motion is given by

k^_ I-K

Substituting for -Kimm Eq. (7.121) in Eq. (7.124a) gives

L
r

Thus the radial position of an object with the condition r = r0 at t = 0 is

r = r0 + A sin (a/

(7.124a)

(7.124b)

(7.125)

which gives r = r{t). But, to describe the orbit, we must know r = r(9). This can be done by
considering angular motion, which according to Eq. (7.40), for r = r0, is

(Oa = 6 =

Hence = (Ogt =

(7.126)

(7.127)

Comparing Eqs. (7.126) and (7.124b), we find the following surprising result. For small oscil-
lations or for a small perturbation of the circular orbit, the frequency of radial motion is equal
to that of rotation; that is,

O)r = (0e

Hence Eq. (7.125), with the help of Eq. (7.127), takes the form

r = r0 + A sin 6

(7.128)

(7.129)

The new orbit is shown by the dashed circle in Fig. 7.23. The orbit is almost a circle except that
its center does not coincide with the center of Earth, but is slightly displaced. This same result
can be achieved from the general equation of the orbit for A <§ r0 (see Problem 7.42).

Figure 7.23 Perturbed orbit of a body
going around Earth is still a circular
one except that its center does not coin-
cide with the center of Earth.
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We now generalize the preceding situation to a more general case for which the form of
the force law is given by

F(r) = Kr" (7.130)

Let us start with the expression for the effective potential:

(7.131)

or

dr dr jxt2

f
dr

Since at the equilibrium dVe{Jdr\r=r = 0, we get, from Eq. (7.133),

(7.132)

(7.133)

F(r\ = - ^~ (7.134)
/Ltro

Let us now evaluate the spring constant for small radial oscillations. From Eq. (7.133),

d2V,« dF 3L2

eff dr2

where the prime indicates derivative with respect to r. Thus

~ (3/ro)F(ro)

and the period of radial oscillations is

2TT
ry

- (3/ro)F(ro)

(7.136)

(7.137)

(7.138)

For angular motion, as before,

e =
Using Eq. (7.134) to eliminate L, we get

(7.139)

As r goes from rmax to rmin, the angle through which r moves is called the apsidal angle V
and is given by

V = coe(\Tr) (7.140)
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Substituting for ioe and Tn we get

77

V3
(7.141)

This equation, combined with Eq. (7.136), results in some very important results, as discussed
next for the general case F(r) = Kr".

For stable oscillations to occur, kef{ > 0. For keff < 0, there is no restoring force. Any per-
turbation will increase the radius r = r0 of the circular orbit; hence it will be unstable. Thus, for

orbits, from Eq. (7.136),

£ e f f > 0 or -F'(r0) - ~ F(r0)
r

0 (7.142)

Since F(r0) = ^rg,f"(r0) = nKr"Q~l; substituting gives

Krn
0>0

-n - 3 > 0

or n > — 3

Also substituting for F(r0) and F'(r0) in Eq. (7.141) yields

7T

(7.143)

(7.144)
'3 + n

For any closed orbit (one that repeats itself) the denominator V 3 + n must be an integer. This,
together with the condition that n > —3, yields n = —2, 1, 6, 13, and so on. These being the
possible values for n, it is clear that n = — 2 corresponds to an inverse-square force, while n =
1 corresponds to a restoring force in simple harmonic motion. For these values of n, the orbits
are stable and limited between rmin and rmax.

7 10 ORBITAL TRANSFERS: GRAVITATIONAL BOOST AND
BREAKING

A few decades ago, sending spacecraft from Earth to other planets was unimaginable, practi-
cally speaking. But technology has advanced to the point where some science fiction stories
have become reality. In this section, we investigate the method of sending space probes from
one planet to another. It is not practical to aim the probe directly inward or outward along the
radial line from the Sun. The most efficient way is to let the probe coast in an orbit (elliptical or
circular) that joins the orbit of Earth and that of the other planet. To make the problem simple,
we may assume that orbits of planets around the Sun are circular—not a bad approximation
since most are nearly circular.

Suppose we want to send a space probe from Earth to another planet, say Mars. Let the
orbits of these two planets be circle of radii rE and rM, with the Sun at their common center. The
situation is as in Fig. 7.24, where the transfer orbit is shown dashed. This transfer orbit is tan-
gent to Earth's orbit at E and also tangent to Mars's orbit at M. The length of the major axis of
this orbit, as shown, is equal to the sum of the orbital radii of Earth and Mars; that is, rt = rE +
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Mars

Figure 7.24 The transfer orbit from
Earth to Mars (shown dashed) connects
the circular orbits of Earth and Mars
around the Sun at the center. The trans-
fer orbit is tangent to the circular orbits
of Earth and Mars at E and M,
respectively.

rM. Also, 2rE < 2rt < 2rM; that is, the major axis of the transfer orbit is in between those of the
initial and final circular orbits. Since E = KI2a, the total energy of the transfer orbit is also in
between the energy values of the initial and final circular orbits. Thus, to transfer a space probe
from Earth's orbit to Mar's orbit, the probe should be given an acceleration at point E (chang-
ing both L and E), and once again an acceleration is given at point M (changing the values to V
and £") so that it can circle Mars. (Note that E' > E and L' > L.) The situation would be re-
versed if we were sending a probe to Venus, as shown in Fig. 7.25. The energy in the final cir-
cular orbit around Venus will be less than that in Earth's circular orbit. This means that the probe
on Earth will have to be given a retardation so that it can go into transfer orbit and another sud-
den retardation when arriving at Venus so that it can go into a circular orbit around Venus. We
exaplain these steps quantitatively for the case of a space probe transfer from Earth to Mars.

For Earth going in a circular orbit of radius rE and speed u0 around the Sun of mass Ms,

mvl GMm
(7.145a)

Therefore,
GM,

(7.145b)

Earth

Figure 7.25 The transfer orbit from
Earth to Venus connects the circular or-
bits of Earth and Venus around the Sun
at the center. The transfer orbit is tan-
gent to the circular orbits of Earth and
Venus at E and V, respectively.
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•vhere va is also given by the relation

2irrp (7.146)

and TE is the time period of the orbital motion of Earth. At point E, the space probe is given a
thrust so that it will have speed v{ to be in the transfer orbit. Using Eq. (7.108b), according to
which

E =

•ve may write (from Fig. 7.24)

K _ -GMsm

major axis 2a

E=_GMsnL^lmv,_ GMsm
rE+ rM 2

Therefore, using Eq. (7.145b), we get

v] = 2GMS
>M 2 2rM

(7.147)

(7.148)

(7.149)

Once the probe leaves Earth orbit and enters the transfer orbit, its speed vx is greater than
i'.-,. But when the probe reaches the Mars orbit at M, its speed vl is less than the orbital speed of
Mars, vM. That is, the probe is moving slower than Mars when it arrives at the Martian orbit;
hence Mars, approaching from behind, will overtake the probe. To an observer on Mars, the
probe seems to be approaching from the opposite direction. To avoid this situation, when the
probe arrives at point M, its speed is increased from i>| to v2 = vM.

Once the space probe is in a transfer orbit, it will coast toward Mars, and it will take one-
half of the time period of the transfer orbit. According to Kepler's third law, T2 is proportional
to the cube of the major axis, we may write

1 p 1

That is,
<r + r \m

(7.150)

When the probe reaches Mars, it must increase its speed to v2, given by the following energy
conservation equation.

E = —
rE+ rM

Therefore,

GMsm

'M
(7.151)

v\ = 2GMS - (7.152)
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Knowing rE, rM, and TE, we can calculate v0, vu v2, and Tfrom Eqs. (7.146), (7.149), (7.152).
and (7.150) as illustrated in the following example.

The situation is quite different if the probe has to be transferred from Earth to one of the
inner planets, say Venus or Mercury. First, to start at point E, the speed is decreased from v0 to
xi\ to put it into a smaller transfer orbit. When it reaches close to point V, it seems to speed up
and overtake the planet. To avoid this situation, the probe is slowed down from vx to v2 (vx = is,
the orbital speed of Venus). The changes in the speed are achieved by burning rocket fuel, as ex-
plained in Chapter 8.

/ Example 7.4

A spacecraft is launched from Earth into an orbit around Venus. Calculate vO, vl , T, and
v2, as defined previously.

Solution

rE - Earth's orbital radius
TE = time period of Earth
rV = Venus' orbital radius

The speed vO of the spacecraft around
Earth is calculated by using Eq. (7.146) and
the speed vl of the spacecraft in the transfer
orbit, is calculated using Eq. (7.149).

rE:=1.49-10n-m TE : = 3.16107-sec

v0:=

rV:=.72-rE

2-Tt-rE

TE

rV= 1.073' 1011 -m

v0= 2.963' 104 'ni'sec

vl : = v0 vl =2.711'104 'rti'sec '

The decrease in the speed of the aircraft is vO- vl =2.518-10 -m*sec

3

The time period of the transfer orbit is as
shown.

The time it takes to reach the entering
point of Venus' orbit is

The speed of the craft when it reaches an
orbit around Venus is v2 as calculated by
using Eq. (7.152).

2 T E

j 7

- T = 1.26-10 -sec

T= 2.52-10 -sec

= 145.845'sec
24-3600

v 2 :=

rV-(rV-t-rE)
-v2= 3.765-104 -m-sec

The orbital speed around Venus is Vv.

The decrease in the speed is AV.
TV := .62-TE

TV = 1.959-10' -sec
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Thus when arriving at V, the spacecraft v V ~
must reduce its speed by

2-jt-rV

TV

AV: = v 2 - vV

VV =3.44-10 -m-sec

AV= 3.245-103 ' i n ' sec '

EXERCISE 7.4 Repeat the example for a spacecraft launched from Earth into an orbit
around Mars.

PROBLEMS

7.1. Calculate the components of force corresponding to the following potential energy functions:

(a) V = kxyz

(b) V = \kr2

(c) V=\ (kxx
2 + kyy

2 + kzz
2)

7.2. In a hydrogen molecule, the potential energy of an electron is given by

e2 e2

V(r) =

where rl is the distance of the electron from the point (—a, 0, 0), and r2 is the distance from the
electron to the point (a, 0, 0). Calculate the force on the electron.

7.3. Show that the angular momentum of a particle about an axis through a point O will be zero if and
only if one of the following conditions is satisfied: (a) the particle is at O, (b) p = 0, or (c) p is par-
allel or antiparallel to r.

7.4. Show that the torque of force F about an axis through a point O will be zero if and only if one of
the following conditions is satisfied: (a) the particle is at O, (b) F = 0, or (c) F is parallel or anti-
parallel to r.

7.5. Prove the following statements:
(a) The angular momentum about an axis passing through the origin is not necessarily conserved

other than by a central force.
(b) If the mass of the center of force is not larger than the mass of the particle, the coordinate sys-

tem determined by the central body is not inertial.

7.6. A particle of mass m is moving in an attractive inverse cubed force given by

F = - r r , where K<0
r

(a) Discuss the motion qualitatively by graphing the effective potential.
(b) Find E and L when the particle is moving in a circular orbit. Find the time period of the orbit.
(c) If the orbit is perturbed slightly, what will be the period of small oscillations?

7.7. Show that F = rF(r) is a conservative force by proving that the integral

F • dr
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is independent of the path and depends only on the values r, and r2. Express F and dx in spherical
coordinates.

7.8. Consider an isotropic harmonic oscillator whose potential is given by V(r) = ^kr2.
(a) Calculate the force Fir) and make plots of both V(r) and F{r).
(b) Make a plot of effective potential for a particle of mass m moving with energy E and angular

momentum L. Describe the motion of a particle without solving the equations of motion.
(c) Find the values of E and L for a circular orbit.
(d) Calculate the frequency of revolution for the circular orbit and the frequency of small radial

oscillations.
(e) Explain the nature of the orbit that differs slightly from a circular orbit.

7.9. Consider an isotropic harmonic oscillator whose potential is given by V(r) = \kr2. Calculate the
value of lit) and d(t) for the orbit of a particle. Draw the path of the orbit in such a potential. What
conclusions can be drawn from these results?

7.10. In Problem 7.1, find the equations of motion for different situations, solve them for r{0), and dis-
cuss the nature of the motion.

7.11. A body of mass m is moving in a spiral orbit given by r = rne
ke. Show that the force causing such

an orbit is a central inverse cube force. Also show that 6 varies as the logarithm of time.

7.12. A body of mass m moves in a circular orbit under the influence of a central force such that it passes
through the origin of the central field; hence the orbit can be written as r = r0 cos 0. Show that the
central force is an inverse fifth radial power. Draw the path of such an orbit.

7.13. A particle of mass m describes an orbit r = a(l + cos 6) under the action of a force directed to-
ward the center. Find the law of force.

7.14. The orbit of a particle of mass m under the action of a central force is described by r = A sin nd,
where A and n are constants. Find the law of force in terms of n, A, m, r, and the angular momen-
tum L. Draw the orbit of the motion of the particle.

7.15. A particle of mass m moves under the action of a central force described by an orbit

ab
r = (a2 cos2 8+ ft2 sin2 B) 1/2

where a and b are constants. Find the law of force. Also draw the orbital path of the particle.

7.16. A particle of mass m is moving in a circular orbit of radius r0 under the action of an attractive force
given by F(r) = k2/r

2 + k^r4, where k2 and £4 are constants and the center of the force is at the cen-
ter of the circle. Show that a stable orbit is possible only if rfyc2 -> &4- Calculate the effective po-
tential VeS. Graph F(r) and Veff versus r and discuss the nature of the motion.

7.17. Show that the velocity that a particle at a distance r from the center of Earth must have in order to
escape to infinity is equal to V 2 times the velocity for a stable circular orbit at a distance r.

7.18. A particle of mass m moves under the action of a force whose potential is given by V(r) = KrA,
where K > 0.
(a) Calculate F(r) and make plots of both F(r) and V(r).
(b) Make a plot of effective potential and discuss the motion of a particle without solving the

equations of motion.
(c) Find the values of E and L and the radius of a circular orbit.
(d) Calculate the period of this circular motion.
(e) Calculate the period of small radial oscillations, that is, the period of the motion when a par-

ticle is slightly disturbed from a circular orbit.
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7.19. Consider a particle that is moving under the influence of a force given by

F(r) = - ? + 7
where k > 0, while k' can be both positive or negative.
(a) Calculate V(r) and make plots of both V(r) and F(r).
(b) Make plots of effective potential in different cases and discuss the nature of the motion of the

particle without actually solving the equations of motion.
(c) Calculate the frequency of a possible circular orbit.
(d) Calculate the frequency of small radial oscillation.

7.20. A particle of mass m under the action of a force law F = —klr2 is at a distance d from the center
of the force.
(a) Show that the time it takes to fall from distance d to the center of force is Vrmr2d3/8k.
(b) Show that the time average of the velocity over the first half of the distance traveled to that

over the second half is (TT — 2)/(TT + 2).
7.21. A system of double stars under the action of their mutual gravitational attraction describes circu-

lar orbits around each other with a time period T. If suddenly they are deprived of their velocities,
show that they will collide after a time interval of 774V2.

7.22. Prove the following relation for an ellipse:

max min
e =

r 4- r .
max mm

7.23. Consider the motion of a particle of mass m moving in an attractive central force inversely pro-
portional to the cube of the radius:

F(r) = 1 f , where K< 0
r

(a) Discuss the motion of a particle by the method of plotting effective potential.
(b) Solve the orbit equation r = r(ff) and show that the solutions can be written in the following

forms for different situations:

- = A cos[/3(6> - 0O)]

- = A cosh[/B(e - 0O)]

- = A sinh[)3(0 - 0O)]

-r = A(0 - e0)

(c) Find the range of values of E and L for which each of the preceding equations holds good. Ex-
press the values of constants A and /3 in terms of E and L.

(d) Sketch a typical orbit in each of the preceding cases.
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7.24. A particle of mass m is moving in a repulsive central force of the form F(r) = rKr, where K > 0.
Show that the path of the particle must be hyperbolic. Graph the path.

7.25. A body of mass m is moving in a repulsive inverse cubed force given by

whe re£>0
r

Show that the path r(8) of the body is given by

-- = A cos[/3(0 - 0o)]

Find the values of constants A and (1 in terms of E, L, velocity, and initial position. Draw the path
of the orbit.

7.26. If the Sun's mass suddenly reduces to half its value, show that Earth's circular orbit will become
parabolic.

7.27 A particle of mass m describes an elliptical path about a center of attractive force at one of its fo-
cus given by k/r2, where Hs a constant. Show that the speed v of the particle at any point of the or-
bit is

2 J2 1
\r a

where a is the semimajor axis.
7.28. A particle of mass m moves in an elliptical orbit under the influence of an inverse-square central

force. Let n be the ratio of the maximum angular velocity to the minimum angular velocity. Show
that the eccentricity e of the ellipse is given by

e =
n- 1
n + 1

7.29. Show that the product of the maximum and minimum velocities of a particle moving in an ellipti-
cal orbit is (2ira/T)2.

7.30. For a particle moving in an elliptical orbit of eccentricity e and semimajor axis a, show that r =
rit) and B = 0{i) may be expressed as

r(t) = a(\ — e c o s cot + \ e 2 — \ e 2 c o s 2 w t + •••)

9{t) = cot + 2 e s i n tot + \ e 2 s i n 2cot + •••

Graph r(t) and 9(t) versus t.

7.31. Using Eq. (7.114) for the equation of a conic section and Eqs. (7.115), obtain the values of a, b.
and e in terms of m, K, L, and E.

7.32. An asteroid is at a distance of 2 X 106 km from Earth and is moving with a speed of 10 km/s. With-
out gravitational pull, the asteroid would miss Earth by a perpendicular distance of 25,000 km from
the center of Earth. What is the closest distance between the asteroid and Earth? Does it hit Earth?
If not, will it come back to Earth again?
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7.33. A comet with a parabolic path moves in the same plane as that of Earth's orbit. The distance of
closest approach of the comet from the Sun is one-third of the radius of Earth's orbit. Using the
law of areas, show that the comet cannot stay inside Earth's orbit for more than \ 77 of a year
(=74.5 days).

7.34. A particle of mass m when at infinity has velocity v0 and is headed toward a repulsive inverse cube
force. It would miss the force center by a distance b if it were not deflected by the force. Calculate
the angular deflection of this incident particle.

7.35. A string passes through a hole in a smooth horizontal table surface and has two equal masses at-
tached to the two ends. One mass hangs vertically, while the other mass describes a circle of ra-
dius r0 on the smooth surface of the table top and has velocity (gro)

[l2. Show that the vertical mass
remains at rest; but if slightly disturbed in the vertical plane, the period of small oscillations is
2iK2r,/3g) "2.

7.36. Consider a comet that moves in a parabolic orbit in the plane of Earth's orbit. Its distance of clos-
est approach to the Sun is yre, where re is the radius of Earth's orbit and y < 1. Show that the to-
tal time that the comet spends within the orbit of Earth is

1 2y

3-7T
X 1 year

7.37. Using the first and second Kepler's laws and Newton's laws of motion, derive the universal law of
gravitation.

7.38. Sputnik I had a perigee 227 km above Earth's surface and its speed at this point was 28,710 km/h.
Find its apogee distance from the surface of Earth and the time period of revolution.

7.39. A comet is observed at a distance of 108 km from the center of the Sun and is traveling with a ve-
locity of 56.6 km/s toward the Sun, making an angle of 45° with the radius of the Sun. Find the or-
bit of the comet with the Sun at its center and the X-axis passing through the comet. How close to
the Sun will it come?

7.40. A comet is observed at a distance D astronomical units from the Sun and is moving with a speed
S times Earth's orbital speed. Show that the orbit will be a hyperbola if DS2 > 2, a parabola if
DS2 = 2, or an ellipse if DS2 < 2. Graph the path of the comet.

7.41. Halley's comet has an eccentricity of 0.967 and a perihelion distance of 89 X 106 km. Calculate
the aphelion distance, the speeds at perihelion and aphelion, and time period of the orbit. Draw the
path of the comet.

7.42. Referring to Fig. 7.22, for energy E + A.E, the equation of an ellipse may be written as

1 - (A/r0) sin 9

Show that for Alr0 < 1, this equation reduces to r = r0 + A sin 9 [Eq. (7.129)], which, to first order
in A, is an ellipse. Explain.

7.43. A particle of mass m is moving in a circle of radius r0 under the action of an attractive force F(r) =
(1/r2)^ ~rla. Show that circular motion is stable only if the radius r0 of the circle is less than a.

7.44. A particle of mass m moves under the influence of a central force F(r) = —klf. Show that, if the
orbit of the particle is circular passing through the force center, n must be equal to 5.
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7.45. Show that the orbit of a particle of mass m moving under the influence of the following force law
is a precessing ellipse.

where k2 and fe3 are constants each greater than 0. Draw graphs showing the precessing ellipse.

7.46. Find the conditions for a stable circular orbit of a particle of mass m moving under the influence
of the following force:
(a) F(r) = ~(k/r2)e~rla

(b) F(r) = -k2lr
2 -kjr*

7.47. A particle of mass m moving under the influence of a force F(r) = — (k/r2)e ~rla describes nearly a
circular orbit of radius r0. Calculate the apsidal angle and draw the path of the motion of the
particle.
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