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Preface

As a lecturer at Chalmers University of Technology in Gothenburg, Sweden,
during the years 1994–2004, I recognized the need for the students to have a
pedagogical textbook concerning buckling of thin-walled plates. The books we
used were often too theoretical – theory is essential, but it should be combined
with practical issues as well. I therefore devoted my last two years at Chalmers
to writing a textbook that would meet the needs of the students, and by extension, practising engineers. In writing the book, and delivering the information
and disclosing the inner core of a complex subject, I tried to have in mind the
learning process of the students.
Some may perhaps wonder – especially those readers looking for a book
focusing exclusively on plane plates – why there is a chapter devoted to the
buckling of shells? This final theoretical chapter ties together with the rest of
the book, as there are important differences (and similarities) in the action
of a shell in relation to a plane plate, which helps the reader to understand
both the former and the latter. And one must also remember that even though
Robert Stephenson’s Britannia Bridge was built using only plane plates back
in the 1850s, Stephenson, prior to the completion of the bridge, carried out
tests on circular and elliptical girder tubes – one of the earliest examples of
comparative tests to see the difference in buckling behaviour between different
girder shapes.
January 2007
Björn Åkesson
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Chapter 1

Introduction

Buckling is an instability phenomenon that can occur if a slender and thin-walled
plate – plane or curved – is subjected to axial pressure (i.e. compression). At a certain given critical load the plate will buckle very sudden in the out-of-plane transverse
direction. The compressive force could besides coming from pure axial compression,
also be generated by bending moment, shear or local concentrated loads, or by a combination among these. If the structural element is compact, the load-carrying capacity
is governed by the yield stress of the material, rather than buckling strength capacity.
If instead the element is slender and/or thin-walled, the buckling strength is governed
by the so-called slenderness ratio – the buckling length over the radius of gyration for
global buckling of a column or a strut, or the loaded width over the thickness of the
plate for local buckling. A special form of instability, that has to be considered with
great care in design, is the combined global and local buckling risk of a slender and
thin-walled axially loaded plated column – the capacity could here be much lower
than the two buckling effects analyzed separately. In this book, however, we will only
concentrate on the latter instability phenomenon, i.e. local buckling.
Eurocode defines four cross-section classes with reference to the local buckling risk.
The parameter that governs what particular class a cross-section belongs to is the
slenderness ratio of the individual plates of the cross-section mentioned above. The
level of the slenderness ratio then governs the ability (or inability) for plastic rotational
capacity, i.e. elongation at the tension side, and compression (with possible buckling
risk) at the other side, for a girder subjected to a bending moment. These four classes
in the Eurocode (Class 1–4) are for girders subjected to a bending moment defined as
follows below. The maximum possible loading capacity (qsd ) in the ultimate loading
state is given by this condition (where index c is telling us that it is the ability to
carry compressive stresses – with respect to the local buckling risk – that governs the
maximum capacity) (Eq. 1.1):
max
Msd
≤ Mc.Rd

(1.1)

1.1 Class 1
The cross-section is so compact (read: with a sufficiently low slenderness ratio/high
plastic rotational capacity) that it is possible to form a mechanism with plastic hinges
in a statically in-determinate system. This gives the possibility to level out the bending
moment differences in ultimate limit state design. Girders in class 1 are normally
standard hot-rolled profiles (Fig. 1.1).
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1.2 Class 2
The cross-section is also here compact, but not enough to be able to form a mechanism in a statically indeterminate system. The design moment distribution is for the
elastic response. However, the longitudinal section with the maximum moment can
be designed for full plastification over the entire cross-section height – in this case
similar to class 1 cross-sections. For statically determinate systems there is no difference between the two classes. Girders in class 2 are normally also standard hot-rolled
profiles (Fig. 1.2).

1.3 Class 3
The cross-section can be characterized as semi-compact, having a reduced capacity for
full plastification, due to the local buckling risk on the compression side. Just as for
class 2 profiles, the design moment distribution is for elastic response, however, with
the difference that the maximum strained section is designed for elastic (triangular)
stress distribution. Girders in class 3 are normally welded profiles (Fig. 1.3).
For unsymmetrical cross-sections (in class 3) – e.g. having a wider compression
flange (than the tension flange) – yielding is accepted for the tensile stresses, however,
the stresses at the compressive side limited to the yield strength at the extreme fibre.
Where only the web is in class 3, and the compression flange is either in class 1 or 2,
the Eurocode accepts that the properties are based on an effective class 2 cross-section,
where complete yielding of the entire cross-section is accepted, with the exception of
a central part of the web subjected to compression, which is neglected.

Figure 1.1 Cross-section class 1.

Figure 1.2 Cross-section class 2.
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1.4 Class 4
The cross-section is thin-walled, i.e. having such a high slenderness ratio that buckling
will occur before yielding is reached in the outermost fibre. Post-critical reserve effects
enables though for yielding to be reached in the extreme fibre in the ultimate limit state
design. An effective net cross-section is analyzed, where the buckled zone is removed
from the gross cross-section (due to the loss of stiffness in that area). Examples of
profiles in class 4 are welded bridge girders (Fig. 1.4).
For columns and struts, subjected to pure axial compression, the load-carrying
capacity for profiles in class 1–3 is only reduced with respect to global (Euler) buckling
risk. It is first at profiles in class 4 that the load-carrying capacity also has to be reduced
for the local (plate) buckling risk.
In bridge construction, as well as in aircraft and shipbuilding industry, it is an
absolute necessity to save material, and therefore the structural elements are made
thin-walled and slender. To choose a compact profile (which is able to fully plastify
before any local buckling risk) is not economical, as it wastes material – the increase in
load-carrying capacity (in comparison to a thin-walled cross-section) is eaten up by the
relative increase in cross-sectional area (compare example 9 in this book). In addition,
it is absolutely necessary to keep the self-weight down, so that a good and sufficient
part of the load-carrying capacity is spared for the traffic load (read: too much part of
the load-carrying capacity should not be taken by the self-weight alone). A heavy and
compact section bridge is also costly with respect to the extra need of foundation and
substructure dimensions. High and slender girders (with thin-walled cross-sections)

Figure 1.3 Cross-section class 3.

Figure 1.4 Cross-section class 4.
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have also a higher stiffness relative an equivalent girder having a compact cross-section,
leading to a reduced deflection under loading. In construction of buildings though,
compact sections (such as standard hot-rolled profiles) are preferred, as they keep the
profile depth down. These compact profiles are also more “robust’’, which can be
needed during transport, handling and assembly.
One way of further increasing the load-carrying capacity of a slender and thin-walled
plate is by the help of stiffeners, which minimize the free spacing of the parts subjected
to compression. A plated bridge girder, as well as the hull of a ship, is normally
stiffened in both the longitudinal and the transverse direction in order to maximize
the load-carrying capacity. Provided that the stiffeners are sufficiently strong, the risk
of buckling is restricted to the plate areas in between the stiffeners. The maximum
load-carrying capacity of these plate panels is then governed by the plate buckling
risk, however, also by taking the post-critical reserve effects into account.
The general expression for the critical buckling stress (irrespective of the type of
stress distribution) is (Eq. 1.2):
σcr = k ·

π2 · E
12 · (1 − υ2 ) ·

 2
b
t

(1.2)

The so-called buckling coefficient k varies depending on the type of stress distribution,
and on the quotient between the length (denoted a) and the width (denoted b) of the
plate (k has its lowest value for pure axial loading in compression, which also gives
the lowest value for the critical buckling stress). The quotient b/t is the slenderness
(ratio) of the plate.
Plate buckling has – in contrary to global buckling of a column or a strut, or the
lateral-torsional buckling of a beam – a post-critical load-carrying capacity that enables
for additional loading after local buckling has occurred. A plate is in that sense inner
statically indeterminate, which makes the collapse of the plate not coming when buckling occurs, but instead later, at a higher loading level. This is taken into consideration
in the ultimate limit state design of plates – local buckling does not restrict the loadcarrying capacity to the critical buckling stress, instead the maximum capacity consists
of the two parts; the buckling load + the additional post-critical load. Global buckling
of a column or a strut does not exhibit such an indeterminate behaviour, as these are
statically determinate systems (having no post-critical reserve strength, i.e. no ability
to redistribute load). This particular instability phenomenon – global buckling of a
strut or a column – is, however, not the focus of this book.
In the coming chapter we will concentrate more in detail on the theory behind plate
buckling and the load-carrying capacity of unstiffened plates in the ultimate limit state
(for thin-walled cross-sections in class 4 as they are defined in Eurocode).

Chapter 2

Plate buckling theory

Consider the axially loaded “plate strut’’ in Fig. 2.1 (width b, length a, and thickness
t), having the loaded edges supported and the unloaded edges free. The strut has the
appearance of a plate, however, but not treated as such – we will instead use the
classical Euler theory in our following analysis (and soon come to the theory for true
plate action).
When the load reaches a certain critical value, expressed as either Pcr or σcr , the strut
buckles and collapses (read: the lateral deflection goes to infinity) (Fig. 2.2).
For any given axial loading below this critical value, it is possible to apply an
additional horizontal (transverse) force without the occurrence of buckling (the strut
balances both the vertical – axial – loading and the horizontal, and will deflect back

Figure 2.1 An axially loaded “plate strut’’.

Figure 2.2 Load/displacement curve for an axially loaded “plate strut’’.
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as soon as the horizontal load is removed). The closer the axial load is to the critical
buckling load, the less the ability to carry an additional horizontal loading becomes.
At exactly the critical buckling load, this ability becomes zero – the strut is then barely
able to just carry the axial load.
According to the well-known Euler theory, the critical buckling load for the strut
becomes (Eq. 2.1):
Pcr =

π2 · EI
1
·
a2
(1 − υ2 )

(2.1)

This expression is adjusted with respect to the relatively large width in relation
to the (buckling) length of the strut that we are studying. This adjustment is done
with the quotient 1/(1 − υ2 ), and this is due to the free strain deformations in the
transverse direction in the centre part, in relation to the constraint at the loaded edges.
In comparison to the normal appearance of a strut – where the width is small in
comparison to the length – we will, for our plate strut, receive a slightly higher value
for the critical buckling load due to this transverse strain divergence.
We now transform the critical buckling load (Pcr ) given above, to an equivalent
critical buckling stress (σcr ), with the help of the expression for the moment of inertia
of the strut (Eq. 2.2):
σcr =
I =

Pcr
⇒
b·t

σcr =

π2 · E
12 · (1 − υ2 ) ·

 a 2

(2.2)

t

b · t3
12

Now compare the small difference between the expressions for the critical buckling
stress of a plate (see Eq. 1.2) with the expression above for the (Euler) strut. If one
remembers how easily this latter expression was found, then it also works as a good
reminder of the former! The critical buckling stress expression for a plate has a factor
k (called the buckling coefficient), and a slenderness ratio defined as the quotient b/t,
instead of a/t for the strut, otherwise the expressions are similar. The last difference
regarding the definition of the slenderness – that it is the width b instead of the length
a over the thickness t – is very important to remember, as the length of a plate is not
governing the critical buckling stress. The width b is the main parameter governing the
critical buckling stress of a plate, and we will next find out – by the help of the theory
behind plate buckling – why this is so.
By definition, a strut (or a column) is only supported at its loaded edges, while
a plate is supported at three edges or more, and it is this fact that makes a plate
have a different buckling behaviour than a strut – the transverse width b becomes
the governing parameter instead of the length a. It is also in the transverse direction
relative the loading direction, that plates have a capacity to develop a tension field
after buckling has occurred, and by doing so – through a transverse membrane action –
enable for an additional loading capacity in the so-called post-critical range.
In order to get a background to the expression for the critical buckling stress of a
plate – that was given in chapter 1 (Eq. 1.2) – we start by studying the differential
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equation for a plate, however, not loaded in the axial direction, but in the transverse
direction by bending (Fig. 2.3).
The differential equation gives us the relationship between the lateral out-of-plane
deflection and the transverse loading q (Eq. 2.3):

D·

δ4 ω
δ4 ω
δ4 ω
+
2
·
+
δx4
δx2 δy2
δy4


=q

(2.3)

where D is the plate bending stiffness (Eq. 2.4):
D=

E · t3
12 · (1 − υ2 )

[Nm2 /m]

(2.4)

Compare the differential equation given above (in Eq. 2.3), with the equivalent 2Dexpression for a beam also subjected to bending (Fig. 2.4) (Eqs. 2.5–2.8):
δ2 ω
= M
δx2
q · x2
q·L
·x−
M(x) =
2
2
q
·
L
M (x) =
−q·x
2
δ4 ω
M (x) = −q ⇒ EI · 4 = q
δx

−EI ·

Figure 2.3 A plate loaded in the transverse direction by an evenly distributed load, q.

Figure 2.4 A beam subjected to bending.

(2.5)
(2.6)
(2.7)
(2.8)
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Let us now continue to study a plate, however, not loaded now in bending, but instead
having an in-plane axial load (Fig. 2.5).
We look for the equilibrium of a small element (having δx = δy = 1) in a deflected
state, axially loaded with a normal force per unit width, σx · t [N/m] (Fig. 2.6).
This small element does not have a load in the transverse direction, i.e. q = 0 when
we compare with the differential equation (given in Eq. 2.3). It is true that for normal
forces below the critical buckling load (i.e. in the sub-critical range) it is required an
additional transverse load/force to keep the plate in a deflected shape, however, this
deflection would go back as soon as this additional load would be removed. At a
certain level of the axial load (σx = σcr ), the outwards going and resulting transverse
force – due to the curvature – is in precise balance with the “re-bouncing’’ force. This
exact value of the normal force (or stress) is defined as the critical value with respect
to plate buckling.
The differential equation for an axially loaded plate can thus be written
(Eq. 2.9):

D·

δ4 ω
δ4 ω
δ4 ω
+
2
·
+
δx4
δx2 δy2
δy4


= −σcr · t ·

δ2 ω
δx2

Figure 2.5 A plate loaded in the axial direction with an evenly distributed edge load.

Figure 2.6 The deflected state of an axially loaded small element.

(2.9)
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The general expression for the solution of this equation is as follows (where we have
assumed a sine wave in both the longitudinal and transverse direction) (Eq. 2.10):
ω = A · sin
ω
A
m
n
a
b

n·π·y
m·π·x
· sin
a
b

(2.10)

out-of-plane deflection
constant
number of half-sine waves in the longitudinal direction
number of half-sine waves in the transverse direction
length of the plate (unloaded edge)
width of the plate (loaded edge)

For n = 1 and m = 2 the buckling mode looks as follows (Fig. 2.7).
We use the general expression for the solution of the out-of-plane deflection, in order
to find the value of the critical buckling stress, σcr (Eqs. 2.11–2.17):
δω
δx
δ2 ω
δx2
δ3 ω
δx3
δ4 ω
δx4
3
δ ω
δx2 δy

mπ
mπx
nπy
· cos
· sin
a
a
b
m2 π 2
mπx
nπy
−A ·
· sin
· sin
2
a
a
b
m3 π 3
mπx
nπy
−A ·
· cos
· sin
a3
a
b
4 4
m π
mπx
nπy
A·
· sin
· sin
a4
a
b
mπx nπ
m2 π 2
nπy
· sin
−A ·
·
· cos
2
a
a
b
b

= A·

(2.11)

=

(2.12)

=
=
=

m2 π 2
mπx n2 π2
nπy
δ4 ω
= A·
· sin
· 2 · sin
2
2
2
δx δy
a
a
b
b
mπx n4 π4
nπy
δ4 ω
= A · sin
· 4 · sin
4
δy
a
b
b

Figure 2.7 The buckling mode of a rectangular plate, having the relationship a/b = 2.

(2.13)
(2.14)
(2.15)
(2.16)
(2.17)
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The differential equation has now become (Eqs. 2.18–2.20):

D·

m4 π 4
m2 π 2 n 2 π 2
n4 π 4
+2·
· 2 + 4
4
2
a
a
b
b


π ·D·
4

m2
n2
+
a2
b2
⇒

2
= σcr · t ·
σcr =


= σcr · t ·

m2 · π 2
a2

(2.18)

m2 π 2
a2

π 2 · D · a2
·
t · m2

(2.19)



n2
m2
+ 2
2
a
b

2
(2.20)

The lowest value of σcr is received for n = 1, i.e. when there is only one half-sine
wave in the transverse direction (Eq. 2.21):
 2
 4
2

π 2 · D · a2
1
π2 · D a2
m2
1
m
m
·
+
=
·
+
2
·
+
·
t · m2
a2
b2
t
m2
a4
a2 · b 2
b4
 2



m
2
a2 1
π 2 · D 1 m2 · b 2
a2
π2 · D
·
+
+
=
·
+
2
+
·
=
t
a2
b2
m2 b 4
t
b2
a2
m2 · b 2

σcr =

=

π2 · D 1
· 2·
t
b



m·b
a
+
a
m·b

2
=k·

π2 · E
12 · (1 − υ2 ) ·

 2

(2.21)

b
t

We have then also used the expression for the plate bending stiffness D (Eq. 2.4)
and the so-called buckling coefficient k (as it is defined) (Eq. 2.22):

k=

m·b
a
+
a
m·b

2
(2.22)

The buckling coefficient k (or the “plate factor’’, as it is sometimes also called)
is a function of the panel aspect ratio a/b, and the number of half-sine waves m in
the longitudinal direction (i.e. in the loading direction). This coefficient has a minimum value of 4.0 for a given value of m and the same number for the quotient a/b
(Fig. 2.8).
As for a rectangular plate, having a panel aspect ratio a/b = 3, the buckling mode
that will give the lowest value of the critical buckling stress (with k = 4.0) will be the
case where the number of half-sine buckling waves in the longitudinal direction divides
the plate into the three unit squares, having an equally large buckle in each (i.e. m = 3)
(Fig. 2.9).
A higher or less number of buckles would require more energy, and thus give a higher
value of the critical buckling stress (sometimes give a higher value of the buckling
coefficient k). Irrespective the size of the plate, it has in practical design been accepted
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Figure 2.8 The buckling coefficient, k, as a function of the number of half-sine waves in the longitudinal
direction, m, and the panel aspect ratio, a/b.

Figure 2.9 The buckling mode of a rectangular plate, having a panel aspect ratio a/b = 3.

the asymptotic value for the buckling coefficient (i.e. k = 4.0 for every case) – a value
that is always on the safe side.
In comparison to an “Euler strut’’, the critical buckling stress for a plate does not
decrease as the length a increases (kmin will always be 4.0) – instead it is the width b
that governs the magnitude, as we did see for the solution of the differential equation.
Given a fixed value for the width b (and a panel aspect ratio a/b = 1), the difference in
critical buckling stress between a plate and a strut (having the same dimensions) will
then be equal to 4, i.e. equal to the value of the buckling coefficient in the former case.
This difference will then increase as the length a increases (the critical buckling stress
of the plate will be constant, however, for the strut the same will decrease). If instead
the length a is kept constant, and we gradually do increase the width b, the difference
will then gradually diminish, and be close to identical for very wide plates. This is due
to the fact that the curvature in the transverse direction is very small for wide plates,
i.e. the central part can more or less be compared to a deflected strut having a simple
curvature.
The discussion so far has been concentrated on plates, axially loaded and simply
supported on all four edges – but what about other loading and boundary conditions?
Except that an edge could be simply supported, it can also be fixed or being absolutely
free (i.e. having no support at all). The stress distribution could also vary, besides being
evenly distributed. It could for example be triangularly distributed (i.e. be the result
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Figure 2.10 Evenly distributed axial compression – all four edges supported. The buckling coefficient,
k, as a function of different edge conditions.
∗
Well above 6.97 for smaller panel aspect ratios, but close to this value for a/b ≥ 3.

Figure 2.11 Evenly distributed load – only three edges supported. The buckling coefficient, k, as a
function of different edge conditions.

Figure 2.12 Different loading conditions – all four edges supported. The buckling coefficient, k, as a
function of different edge conditions.

in-plane bending), or coming from the effect of shear along the edges). Both the edge
conditions and the stress distribution affect the value of the buckling coefficient k.
In the following Figs. 2.10–2.13, the minimum value of the buckling coefficient is
given for different edge and loading conditions (Eqs. 2.23–2.25 for shear panels).
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Figure 2.13 A plate panel subjected to shear. The buckling coefficient, kτ , varies according to the value
of the panel aspect ratio, a/d.
∗
The plate width is here designated d instead of b. In the Eurocode it is designated h.

τcr = kτ ·

π2 · E
12 · (1 − υ2 ) ·

4
kτ = 5, 34 +  2
a
d

5, 34
kτ = 4 +  2
a
d

a
d
a
d

 2

(2.23)

d
t



≥1



≤1

(2.24)

(2.25)

In this last loading case it should be noted that shear forces in a girder subjected
to bending is also accompanied with bending moments, which has to be taken into
consideration (see more in section 4.4).
The discussion so far has been about the critical buckling stress for plates, however,
we shall in the following go more into detail why the ultimate loading capacity is not
restricted to the occurrence of elastic buckling. As has been mentioned before, plates
do possess ability for a post-critical reserve strength, which enables for an additional
loading capacity after that buckling has occurred. This post-critical reserve strength is
shown below in the load-/displacement diagram (Fig. 2.14).
As can be noted in the graph, the plate does not collapse at the so-called bifurcation
point (read: the load/stress where the plate buckles out in any of the two transverse
directions) as Euler struts do. Instead, the plate is able to carry additional load after
buckling has occurred, and this is due to the formation of a membrane that stabilizes the
buckle through a transverse tension band. When the central part of the plate buckles, it
looses the major part of its stiffness, and then the load is forced to be “linked’’ around
this weakened zone into the stiffer parts on either side. And due to this redistribution
a transverse membrane in tension is formed and anchored. Study the plate below in
the post-critical range, where the load paths is shown by the help of a strut-and-tie
analogy (Fig. 2.15).
The action of a plate – in contrast to a strut – show an inherent statically indeterminacy, that enables for this ability to redistribute load after buckling has occurred.
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Figure 2.14 Stress/displacement diagram in the post-critical range.

Figure 2.15 The redistribution of the transfer of load in the ultimate limit state (the post-critical
range).

The maximum load-carrying capacity is governed by buckling of the stiffer edge
zones as they have reached yielding (fy ), which was suggested by von Kármán in 1932.
We study a plate in the post-critical range, where the stiffer edge zones will give us an
effective width be (Fig. 2.16).
In order to obtain the maximum load-carrying capacity Pmax , and the effective width
be , we use the expression for the critical buckling stress and set it equal to the yield
stress (Eqs. 2.26–2.28):
σcr = fy = k ·

be =

π2 · E
12 · (1 − υ2 ) ·

k · π2
·
12 · (1 − υ2 )

 2

(2.26)

be
t

E
· t = 1, 90 ·
fy

E
·t
fy

(2.27)

(k = 4 and υ = 0,3)
⇒

Pmax = fy · be · t = 1, 90 ·

E · fy · t 2

(2.28)
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Figure 2.16 A model for the maximum load-carrying capacity as proposed by von Kármán.

Figure 2.17 The effective width is constant for different plate widths according to the von Kármán
hypothesis.

We see that the effective width be is directly proportional to the root of the Young’s
modulus E, and to the thickness t. This is obvious, as these two parameters are directly
related to the stiffness of the edge zones, and therefore also governs the load-carrying
capacity before buckling of the same. However, what is not as obvious, is that the
effective width is inversely proportional to the root of the yield stress fy . But if we
consider an increase of the yield stress (i.e. we increase the quality of the plate material),
then the effective width must decrease in order to “compensate’’ for this increase in
strength (read: in order to obtain a higher critical buckling stress a reduced width is
required).
What is even more surprising is that the effective width is not dependent of the
original width of the plate (for plates with a panel aspect ratio a/b ≥ 1). If we increase
the width of a plate the maximum load-carrying capacity would remain the same
(read: the effective width would remain constant, at least according to the von Kármán
hypothesis) (Fig. 2.17).
If we study the plates above, having different widths, we see that as the width
increases the wider the buckle also becomes, and therefore also the effective
width remains constant. In itself would the critical buckling stress decrease as the
width increases (σcr with the inverse of the width in square, and Pcr with the inverse
of the width), however, the maximum load-carrying capacity would remain constant
(Fig. 2.18).
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Figure 2.18 For increasing plate widths, the critical buckling load, P cr , decreases, however, the maximum
load-carrying capacity, P max , remains constant (according to the von Kármán hypothesis).

There is also a waste of material if one chooses a wider plate than necessary, as
the effective width is constant disregarding the width of the plate. This hypothesis
that was presented by von Kármán has shown to agree well with results from tests
on plates having a large slenderness ratio b/t. In the Eurocode the effective width as a
model for the ultimate load-carrying capacity in the post-critical range has also been
adopted. The effect of residual stresses and initial imperfections is also taken into
consideration (which is influencing the load-carrying capacity, especially for plates
having low slenderness ratios). The effective width beff is calculated as the original
width b times a reduction factor ρ (Eq. 2.29):
beff = ρ · b

(2.29)

where the reduction factor ρ is dependent of the yield stress fy and the critical buckling
stress σcr (Eq. 2.30):
λp =

fy
σcr

⇒

ρ=

(λp − 0, 22)
2

λp

(2.30)

There is a certain difference between the effective width of smaller plates calculated according to the von Kármán hypothesis, and the same calculated according to
Eurocode, but this difference diminishes as the plates become wider. In general the von
Kármán expression overestimates the effective width in relation to the results according to the Eurocode. Table 2.1 compare the results for the effective width of different
plates, between the von Kármán expression and the Eurocode (under the condition of
fy = 360 MPa, t = 10 mm, and k = 4, i.e. a/b ≥ 1).
The discussion so far – with respect to the critical buckling stress and the maximum
load-carrying capacity in the post-critical range – has been focused on ideal plates
without the presence of residual stresses and initial imperfections. We saw, however,
already in the discussion above regarding the effective width, that there existed a
difference between the von Kármán expression (which neglected these effects) and the
Eurocode. As will be seen in the following, these effects have the greatest influence
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Table 2.1 A comparison between Eurocode and the von Kármán hypothesis regarding the effective
width for different plates.
Plate width

Eurocode
von Kármán

0.5 m

1.0 m

2.0 m

4.0 m

367
459

413
459

436
459

448
459

[mm]
[mm]

Figure 2.19 Residual stress distribution in a hot-rolled and welded plate.

on the critical buckling stress, and not so much on the ultimate load-carrying capacity
(as also was pointed out earlier). The residual stresses in a hot-rolled and afterwards
welded plate (e.g. where the edges are fixed to stiffeners) are having the following
typical distribution over the plate width (Fig. 2.19).
The compressive residual stresses in the central part will be added to the externally
applied load, which will result in a lower critical buckling stress (relative to the classical buckling theory). However, as these residual stresses are self-balancing (read: an
inner stress state in equilibrium – the compressive force is equal to the tensile force)
will their effect on the maximum load-carrying capacity be minimal (i.e. no major
difference between plates having different magnitude of residual stresses). The same
applies to the effect of initial imperfections (i.e. deviations from an ideally flat plate) –
the critical buckling stress is lowered, but the maximum load-carrying capacity is more
or less unaffected. An initial out-of-plane imperfection will gradually increase as the
compressive loading is increased, and thus produce a softer transition at the bifurcation point, however, not affecting the ultimate load-carrying capacity as shown in
Fig. 2.20.
The sudden out-of-plane buckling at the bifurcation point (according to the classical
theory) will not – at least not so dramatically – occur for real plates having initial
imperfections and residual stresses coming from production and welding, Instead the
buckling will come more soft and gradual. The influence from initial imperfections
tends to mask the effect coming from residual stresses, as they have the same effect
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Figure 2.20 The stress/displacement relationship taking initial out-of-plane imperfections into account.

on the behaviour. To separate these effects from each other at a load-testing situation
can therefore be difficult. In the codes these effects are taken into consideration as a
combined effect, and do not have to be analyzed further by the designer (given that
the tolerance levels are held, that is).

Chapter 3

Box-girder bridges

3.1 Introduction
Concerning large thin-walled plates subjected to axial compression, a modern boxgirder bridge represents the outermost knowledge by bridge designers of today. For
these bridges, high demands are made upon the choice of plate thickness and the
position of stiffeners, in order to minimize the possible buckling risk. For the aerodynamically shaped bridge cross-sections that are built today, this knowledge
concerning buckling is drawn to the almost extreme perfection.
The box-girder bridge as a successful concept has existed already since the Britannia
Bridge was built over the Menai Straits in 1850, but the development up to the modern
high technological constructions of today has not been painless, to say the least. Even
if the Britannia Bridge marked the introduction of a new and successful concept, the
box-girder bridge soon came into the background of the more optimal truss bridges
(in terms of the amount of material) – it was first after the Second World War that the
box-girder bridge concept once again came into use as a competitive alternative. In the
1960s the development really accelerated, due to the introduction of large rolled plates
in combination with the technique of automatic cutting and welding, which did enable
for the production of larger bridge cross-sections. The Zoo Bridge, that was built in
1966 in Köln, Germany, had a main span of 259 m – the longest box-girder bridge
span in the world at that time – became the start (read: re-start) of this “new’’ bridge
concept for the future, especially as one also had used an unusual erection technique,
namely the free cantilevering method. Both the cantilevering erection method as such,
and the box-girder bridge as a general idea, came to be questioned very strongly after
some bridge collapses during the years 1969–1973 – collapses that we will study more
in detail in the following, but first we will look longer back in time to see why the
Britannia Bridge was so unique, and then see what can be learnt from the bridge
collapses that happened around 1970.

3.2 The Britannia Bridge
In the year 1850 the railway bridge over the Menai Straits in Wales was completed.
The bridge was called the Britannia Bridge, and had the longest span in the world for
railway traffic. The designer was Robert Stephenson, son of George Stephenson, the
famous railway engineer (inventor for example of the record breaking locomotive “The
Rocket’’). It was the father who in 1838 had suggested that the railway line between
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London and Chester should be extended into Wales to the port of Holyhead on the
island of Anglesey (to accommodate for the traffic by ferry between England/Wales
and Ireland), and so it was decided.
The Britannia Bridge was a continuous box-girder bridge (having two separate tubes)
with a total length of 460 m over four spans. The two end spans were 78 m long, and
the two central spans were 152 m (often is the length of these main spans said to be
140 m, but that is only the free distance between the towers, not the supported length),
see Fig. 3.2.

Figure 3.1 Great Britain and Ireland.

Figure 3.2 The Britannia Bridge – elevation and cross-section.
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The somewhat excessive height of the towers was due to the original intention of
having the tubes suspended with chains, but this idea was abandoned after some tests
(which will be described later in this text) that showed that the tubes were strong
enough to carry all load by themselves. (In a suspension bridge having a stiffening
girder strong enough to take all loads, the cable becomes superfluous. A flexible cable –
that changes form during loading – can only contribute to the load-carrying capacity
if the stiffening girder is also flexible. Stephenson was quite rightly so aware of – after
the tests – that this was not the case in his suggestion for the bridge.)
The two end spans were assembled supported by falsework, but the two main span
tubes were assembled on shore (see Fig. 3.3) close to the bridge site.
To erect the tubes for the main spans, the tidal water was used in an ingenious
manner; the tubes were lifted from their position on shore by the help of pontoons,
and then shipped out to the bridge location. By the help of hydraulic presses the tubes
were then lifted up to the towers – which had been prepared with temporary channels
in the exterior face to accommodate for the tubes (which, of course, were longer than
the free spacing between the towers), see Fig. 3.4.
The separate tubes were then joined together by lifting one end of a tube up, and
then connecting the opposite end with the adjacent tube (see Fig. 3.5). In this way
continuity in the system was achieved, which had never been done before for a multispan girder bridge. By lifting the ends before the joining, and by doing so prestressing
the structure, continuity was achieved also for the self-weight, not only for the traffic
load (which had been the case if the ends would have been joined without the lifting
procedure). Stephenson had designed the box-girders as simply supported, but knew
that extra safety and load-carrying capacity would be achieved through this measure,
not to forget also a reduced deflection.

Figure 3.3 The two main span tubes were assembled on shore.
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Figure 3.4 Preparation for the erection of one of the main span tubes.

Figure 3.5 By lifting the ends of the tubes before joining them together the tubes became prestressed,
i.e. acting as a continuous system.

The moment distribution for self-weight (and additional traffic load) with and or
without prestressing shows the great difference in behaviour and stress level (i.e.
between a simply supported system and a continuous) in Fig. 3.6.
The cross-section of the box-girders is stiffened in top and bottom with a number
of closed cells (small box sections, parallel to the longitudinal axis, integrated with
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Figure 3.6 The moment distribution before and after prestressing.

Figure 3.7 Cross-section and side view of the tube.

the large cross-section), eight in the top flange and six in the bottom flange. These
cells, which are large enough to accommodate for the re-painting inside, are made
out of plane plates, angle irons (i.e. L-profiles) and cover plates, which all have been
riveted together in pre-punched holes. These closed cells act as efficient stiffeners with
respect to normal stress buckling (due to the bending moment the girders are subjected
to) – both for the cross-section as a whole, and also for the small-scale cells (i.e. local
buckling of the plane plates in between the angles). One could also see (Fig. 3.7) the
cells as flanges for the box-girder cross-section, consisting of double plates, vertically
stiffened inside. In the bottom flange the cells also have to carry the transverse (vertical)
loading from the railway traffic.
The sidewalls are made up of plane, rolled plates of wrought iron (having a thickness of 16 mm or less), which have been spliced together in the vertical direction by
T-profiles, and in the longitudinal direction by cover plates (which had to be bent at
the edges in order to wrap over the flanges of the T-profiles). The longitudinal splices
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are shifted in position in between adjacent plates. In Fig. 3.8 the individual parts are
separated from each other in order to show the built-up system.
As the vertical splice is also stiffened inside with a T-profile, the resulting vertical
stiffener is made double-sided, and thus very strong (Fig. 3.9).
Even if the compact flanges take the major part of the bending moment, the walls
do contribute to some extent, which make them also subjected to normal stresses that
can be a local buckling risk. The closely spaced T-profiles (610 mm), together with
the chosen wall plate thickness, are, however, a sufficient barrier against normal stress
buckling, even if horizontal stiffeners are the normal choice today. In a box-girder
bridge, having a cross-section depth of over nine meters, the expected wavelength of a
horizontal buckle (in the post-critical range) in the compression zone would be several
meters long (approximately 2/3 of the depth, given that the web is unstiffened). This

Figure 3.8 The individual plates and T-profiles of the tube wall before being riveted together.

Figure 3.9 The vertical splice T-profiles provided a strong vertical stiffening of the wall.
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fact does show that the close spacing between the vertical stiffeners of the Britannia
Bridge is more than sufficient. Vertical buckling of the web plate due to concentrated
loads is also not a problem, as the load from the trains is introduced in the bottom part
of the box, and thus creates only vertical tension as the load is transferred into the web
plate. With respect to shear buckling of the walls, the chosen vertical stiffeners are in
good agreement with the principles regarding how this type of buckling phenomenon
is handled today – crossing diagonals, in tension and compression, in each panel in
between vertical stiffeners carries the shear stress flow. The wavelength here is even
longer than for normal stress buckling – approximately 1,25 × h – which makes the
closely spaced vertical stiffeners also act as a sufficient barrier against shear buckling.
However, the choice of vertical stiffeners in the Britannia Bridge was criticized by the
Russian bridge and railway engineer D. J. Jourawski. He claimed that if the stiffeners
had been positioned in the compression diagonal, having an inclination of 45◦ towards
the longitudinal axis, the efficiency would have been much greater than for the vertical
stiffener configuration that was chosen by Stephenson.
When the trains were to pass the bridge, the tubes could obviously not be stiffened
inside by cross-framing, instead the torsional stiffness had to be achieved by a horizontal stiffening truss in the roof, and in addition, all four corners of the box were
stiffened in order to ensure frame action.
It was the tough requirements from the Admiralty regarding free sailing space in the
horizontal and vertical direction that made the choice of a (suspended) girder bridge
inevitable (suspended at least according to the original concept). The demands were
32 m free height and 137 m free width in the two sailing channels underneath the
bridge. In addition the channel was to be kept open for the passage of ships during
the construction. These demands taken together made it impossible to consider the
otherwise obvious solution, which would have been a cast iron arch bridge. Besides
thinking in terms of a totally new concept for the bridge, they had also to abandon
the thought of cast iron as a possible construction material. Cast iron is as strong
in compression as (mild) steel, but much more brittle (i.e. less ductile), which makes
it suitable for arches where the compression forces are dominating, but less suitable
for structures where tension is also present, which definitely would be the case here.
Wrought iron, however, is as tough in both compression as in tension, and not as
brittle as cast iron. The reason why wrought iron was not as common and competitive
as a construction material for bridges was the much higher cost and the fact that it was
more difficult to prepare the plates into desired shapes. Cast iron profiles are made
directly from the moulding form, which is a huge advantage, however, thus receiving a
brittle material. Stephenson pondered on the solution of having two parallel I-girders
standing next to each other – clearly inspired by the simple I-girder bridge concept
that was so common at the time for short and medium span bridges – but having
the top and bottom flange here connected to each other. The shorter I-girder bridge
spans were without exception made in cast iron, and had a maximum span length
of 15–20 m. The medium span bridges had extra stiffening bars of wrought iron on
the tension side, and were approximately 30 meters long. For longer spans the girder
bridge had to be suspended with wrought iron eye-bar chains. Stephenson was fully
aware of the flexibility of these latter structures (for wind and heavy loading, and not
to forget about marching troops!), and knew that his structure had to be a (suspended)
stiff girder bridge.
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The strength and stiffness of deep plates was confirmed to Stephenson as he was
reported about an incident when the steam vessel Prince of Wales had been launched.
The ship had accidentally become hanging with the bow in the water and the stern
still supported by the slipway on shore, which made the ship’s hull becoming simply
supported over a length of more than 30 meters, however, without giving any major
damages to the hull.
Together with the ship-builder W. Fairbairn and the mathematician E. Hodgkinson,
Stephenson carried out a number of experiments in order to determine the action
and load-carrying capacity, not only of rectangular cross-section girders, but also of
circular and elliptical girder tubes. It was mainly the strong concern he had regarding
the wind loading that made him consider the two latter choices (which were more
aerodynamically shaped). As the first thought of a possible cross-section shape went
to these last mentioned profiles, it is easy to understand where Stephenson did get the
idea for hollow tubes, as the trains had to pass inside somehow. Girders in a model
scale were tested in three-point bending (i.e. simply supported with a point load in
mid-span). They found very soon that the rectangular shape was superior to the other
two, mainly due to the buckling tendency of the latter. The flange in a rectangular
cross-section is both larger and more efficient than for a circular or an elliptical crosssection. It was also in these tests that they found that the flange in compression had to
be shaped with closed cells in order to minimize the risk of buckling, and by doing so
ensuring a load-carrying capacity as close to the base material as possible. Fairbairn,
that has gone to history as a methodical and scientifical researcher concerning the
different investigations he did undertake, did comment:
“Some curious and interesting phenomena presented themselves in the
experiments – many of them are anomalous to our preconceived notions of the
strength of materials, and totally different to anything yet exhibited in any previous research. It has invariably been observed, that in almost every experiment the
tubes gave evidence of weakness in their powers of resistance on the top side, to
the forces tending to crush them.’’
Fairbairn was quite clearly referring to earlier experiments on cast iron girders,
which had without exception gone to failure on the tension side (as a brittle fracture),
while these tests on wrought iron girders had the failure coming on the compression
side (as normal stress buckling). Hodgkinson made the same observation:
“It appeared evident to me, however, that any conclusion deduced from received
principles, with respect to the strength of thin tubes, could only be approximations; for these tubes usually give way by the top or compressed side becoming
wrinkled, and unable to offer resistance, long before the parts subjected to tension
are strained to the utmost they would bear.’’
Hodgkinson knew that the simple mathematical expressions which traditionally had
been used – where the maximum load-carrying capacity was derived from the ultimate
tensile strength of the material – definitely overestimated the capacity. It was also
during this work, together with additional buckling tests they made on plane plates,
that Hodgkinson found that the maximum load-carrying capacity, with respect on
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buckling of an axially loaded plate, was directly proportional to the thickness of the
plate in cube. That this is the case is easily derived if one transforms the expression for
the critical buckling stress into an equivalent axial load (see Eq. 3.1):
σcr = k ·

π2 · E
12 · (1 − υ2 ) ·

 2
b
t

Pcr = σcr · b · t ⇒ Pcr ∼ t 3

(3.1)

Hodgkinson had clearly an early and genuine understanding of the ultimate capacity
of axially loaded plates, even though that he stated that the capacity was limited by
buckling (and therefore excluded the post-critical reserve strength). And by excluding
the reserve effects in the design of the Britannia Bridge, the structure came to have an
extra safety level that to some extent explains why it was possible to raise the traffic
load without having to strengthen the bridge.
Stephenson and Fairbairn also found in the experiments, that the clamping force in
between the connected plates was sufficiently high, that the friction was not exceeded
due to shearing in the joints. The deflection one could expect from the bending deformations of the box-girder spans was consequently only coming from elastic deformations of the material, and not by additional movements from shearing making the
rivets coming in contact with the rivet hole edges. This fact was also confirmed as the
deflection was checked during the passage of trains. Despite small expected deflections
one did still choose to provide the centre spans with a camber of 23 centimeters.
The concept of having a closed box-girder section, where especially the walls were
made out of solid plates, made the bridge become extremely expensive due to the
large amount of material that was used. The labour cost in the 19th century was
low, but the cost of the material was high. Instead the development went towards
the more lighter and material-saving truss structures – a development that started
in the USA. Smaller truss bridge spans in wood became increasingly longer as more
and more parts were replaced by iron. A special concept that was invented by Pratt,
where the diagonals were positioned so that they always became in tension during
loading, was very competitive, as material was saved due to the non-existent risk
of global buckling of these diagonals. Stephenson, however, carried on by designing
and developing his heavy and robust box-girder bridge concept with great success
during the 1850s. Among other bridges, he designed for example the Victoria Bridge
(1859) over the St Lawrence River near Montreal in Canada. This bridge was the
longest bridge in the world at that time (1.8 kilometers long), and did have a maximum
span length of 100 meters. The bridge had to be rebuilt after some time though, as the
smoke from the locomotive did trouble the passengers – the walls had to be opened up!
Even though that the Britannia Bridge is said to be the start of the modern era concerning box-girder bridges, the fact is that a box-girder bridge was built in Conway –
25 kilometers east of Menai Straits, also on the Chester-Holyhead railway line – already
a year earlier. This bridge, with a single span of quite impressive 122 meter, served as a
prototype for the Britannia Bridge – here they had the opportunity to test the design and
erection method. It was from the Conway Bridge that the idea came for the camber of
the Britannia Bridge (the Bridge at Conway was made completely straight, which made
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Figure 3.10 The box-girder bridge at Conway, 25 kilometers east of the Menai Straits.

the deflections from self-weight and traffic become visible). It was also some important
experiences made from the lifting process, even though that the lifting height at the
Conway Bridge was only 5.5 meter, and not 36 meter as was the case for the Britannia
Bridge (Fig. 3.10).
In 1899, the Conway Bridge was reinforced with two extra inner supports, approximately 15 meters from each abutment, which made this bridge also continuous. The
extra supports can dimly be seen in the photo above, in between the castle tower
supports.
The Britannia Bridge was the longest box-girder bridge in the world (given the
maximum span) up until the period after the Second World War, when several new
and modern box-girder bridges were built, mainly in post-war Germany. As has been
mentioned before, the Britannia Bridge did carry heavy traffic loading without having
to be strengthened (even though the traffic load increased gradually), and continued to
do so until 1970, when the wooden cladding of the roof accidentally was put on fire.
After 120 years of faithful service, the Britannia Bridge had to be completely rebuilt,
and the solution was to transform the structure into a truss arch bridge (Fig. 3.11) (an
impossible solution as it was in 1850!). The bridge is carrying today, besides railway
traffic, also highway traffic on the roof of the original bridge.
The original bridge was truly a record-breaking structure, having many characteristics that made it identical to a modern box-girder bridge:
–
–
–
–
–
–
–

large spans,
large dimensions in general (but perhaps more a matter of large depth than width),
longitudinally and transversely stiffened plate panels,
prestressing of the box-girders,
a continuous system,
a spectacular erection,
the use of camber,
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Figure 3.11 The Britannia Bridge of today (after being redesigned due to the fire in the early 1970s).

–
–

the use of a new material,
many competent and skilled persons involved.

P.S. Even if the Britannia Bridge no longer exists in its original shape, the bridge at
Conway is still standing intact!

3.3 Collapses
In the four-year period in between 1969 and 73 there were not less than five box-girder
bridge collapses during construction:
–
–
–
–
–

The Fourth Danube Bridge in Wien
The Cleddau Bridge in Milford Haven
The West Gate Bridge in Melbourne
The Rhine Bridge in Koblenz
The Zeulenroda Bridge in former East Germany

Four of the bridges were situated in Europe (Fig. 3.12); while one bridge was situated
outside Melbourne in Australia (Fig. 3.13).
Prior to these collapses, there was first the Britannia Bridge which showed that the
concept of box-girder bridges successfully had been in use already since 1850, and in
addition there was the fact that modern box-girder bridges had been built during the
1950s and the 1960s, and without any major incidents occurring. The theory for plate
buckling was since long well-known, however, complete design recommendations for
box-girder bridges were missing in the codes, which can explain why a certain practice
by usage was adopted, especially concerning the design of stiffeners. We will in the
following sections also see that the chosen erection methods did induce stresses in the
bridges that they to the highest certainty were not designed for.
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Figure 3.12 Central Europe.

Figure 3.13 Australia.

3.3.1 The Fourth Danube Bridge
On the evening of the 6th of November 1969, there was some unexpected buckling
occurring during the final stages of construction of the Fourth Danube Bridge in Wien,
Austria. Far away from the actual bridge site people could hear, with an interval of
five seconds, three loud bangs, almost like explosions, and they all came from the
bridge that had buckled under excessive loading. As the bridge not yet had been taken
into service, the loading could only be coming from self-weight, which made it quite
mysterious.
The Danube Bridge was a continuous box-girder bridge in three spans, having
haunches over the inner supports. The total bridge length was 412 meters, with a
main span of 210 meters (Fig. 3.14).
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Figure 3.14 Elevation of the Fourth Danube Bridge.

Figure 3.15 Cross-section of the Fourth Danube Bridge.

Figure 3.16 Moment distribution during the erection process of the bridge, using the free cantilevering
technique for the mid-span part.

The bridge was a twin-box girder bridge, having a 5.2 meter deep and 32.0 meter
wide cross-section in mid-span. The top and bottom flanges were stiffened in the
longitudinal direction with simple flat plates, see Fig. 3.15.
In order to minimize the disturbance for the boat traffic on the river Danube, one
had chosen the free cantilevering erection method. By successively assemble the box
sections to the ends of the cantilevers – instead of using supporting falsework – there is
a high demand for proper anchorage at the end supports, as well as a sufficient loadcarrying capacity of the cantilevers. As the length of the cantilevers are increasing, the
moment and shear over the inner supports also increase – stresses that exceed what is
later the case for the final bridge (Figs. 3.16, 3.17) (compare also the drawing to the
photo of the Danube Bridge during construction).
When the two cantilever ends met in the middle, the final section had to be adjusted
due to the temperature deformations the bridge had been subjected to during the day.
The weather had been sunny and warm, which had made the bridge, in addition to
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Figure 3.17 Only a short gap remaining before the final closing of the two cantilevers.

Figure 3.18 The final closing section in the centre part had to be adjusted due to temperature
deformations in the bridge.

the elastic bending deformations, bend down a little bit extra. The final closing section
(Fig. 3.18) had to be shortened 15 mm at the top (due to this additional temperature
deformation) in order to fit into the gap between the cantilever ends.
Towards the evening, when the temperature dropped, the temperature deformations reversed, however, as the final section already had been installed, a constraint
was introduced. This constraint did induce a tensile force in the top flange (that was
prevented from shortening), and, as a consequence, compressive stresses was introduced in the lower flange. One could also say that the cantilever ends were prevented
from rotating back to their original position. In addition to this effect, there were the
already high compressive stresses introduced in the lower flange (that we will concentrate on in the following) because of the chosen erection method. Two gigantic
cantilevers had been joined together; however, the moment distribution was not yet
the one that could be expected from a continuous system (Fig. 3.19). And in order to
achieve this, one had to adjust the inner supports down, so that the undesired moment
distribution was levelled out.
In the late afternoon, when the two cantilever ends had been joined, there was,
however, not enough time left to lower the inner supports, instead it was decided
to wait until the next working day. Due to the temperature deformations described
above, there was a situation in the evening that had given an increase in the temporary
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Figure 3.19 The moment distribution that would be the result following the intended lowering of the
two inner supports.

Figure 3.20 The resulting moment distribution due to the temperature effect (before the intended
lowering of the inner supports).

moment distribution, instead of the desired decrease that would be the case if one had
lowered the supports (Fig. 3.20).
By the unfortunate decision of not lowering the inner supports immediately, and the
unlucky effect from the temperature drop, there was a situation – the night of the 6th
of November – where the lower flange was subjected to compression over the entire
length of the bridge (due to the negative bending moment). This fact, together with
the less good decision of choosing flat bar stiffeners, was the reason for the buckling
of the bridge. A flat bar stiffener is very easily deformed during welding (due to the
welding deformations coming from the excessive heat input), and can also be deformed
due to more or less unavoidable hits and damages during assembly. A deformed flat
bar stiffener has a markedly reduced global buckling strength capacity (see further the
discussion of the Zeulenroda Bridge, section 3.3.5). As the lower flange of the Danube
Bridge was subjected to excessively high compressive stresses, especially in the zones
where the final bending moment after lowering of the supports would have been low
(compare Fig. 3.19) – i.e. near the zero-moment positions – it was not surprising that
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Figure 3.21 Buckling did occur in three locations due to the excessive bending moments.

Figure 3.22 The parts having the major buckles – close to the inner support of the main span, and in
the centre part of the first span.

buckling did occur there (the buckle farthest to the right that is marked in Fig. 3.21).
The lower flange stiffeners at these zero-moment positions are not designed for any
larger stress levels (at least not for normal in-service loadings). The other two buckles
did occur in zones where the final (desired) moment distribution would be positive, i.e.
in areas where the lower flange would be subjected to tension stresses (read: in midspan regions). However, as the moment distribution in these areas was reversed, the
lower flange was subjected to compression (instead of tension), and thus the stiffeners
buckled due to excessive (compressive) loading (Fig. 3.21).
The buckle in the central region of the inner span came where the final section was
located, however, this piece was not severely damaged (even though that this section
was not as strong as the rest of the bridge, due to the fact that it was assembled without
the lower and upper flange plates, i.e. only having the four vertical web plates). The
other two buckles – the one in the main span close to the inner support, and the one in
the centre part of the first span – were, however, so large that more or less true hinges
were formed in these positions (inwards going buckles in the vertical web plates, and
outwards going – V-shaped – buckles in the lower flanges). In the detail Fig. 3.22, one
could see the proportion of the damages in these two locations.
In the photo of the elevation (view) of the bridge (see Fig. 3.23), the deformed
and upwards bent span to the left can be seen (compare the deformation with the
mechanism in Fig. 3.26).
As the continuous girder system was two times statically indeterminate, the bridge
was able to withstand the formation of the two hinges. The girder system now became
statically determinate, with the right part (1) holding up the centre part (2), which in
its turn was holding up the left part (3) (Fig. 3.24).
Through this release of the constraint due to the statically indeterminacy, the girder
system now received the moment distribution (in principle) that was the intended after
lowering of the supports (Fig. 3.25).
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Figure 3.23 The downward deflected main span and the upward bent first span (to the left).

Figure 3.24 The statically determinate system after the buckling had occurred.

Figure 3.25 Bending moment distribution after that the buckling had occurred (in principle similar to
the intended after the planned lowering of the two inner supports).

Figure 3.26 The mechanism (read: collapse) of the bridge if the closing section also had been severly
damaged.

However, if in addition the closing section also had been damaged to the extent of
the other two buckled parts – so that a hinge also had been produced there – then the
collapse (read: a mechanism) had been a fact (Fig. 3.26).
Thanks to the inbuilt damage tolerance of the system, the bridge could be saved, even
though it was heavily distorted, and was later taken into use again (after replacement
of the damaged parts). The rebuilt bridge, which today goes under the name of the
Prater Bridge, obtained a permanent settlement of about 700 mm in mid-span of the
centre span (read: a reduced camber) as a direct consequence of the damages.
3.3.2 The C l e d d a u B r i d g e
Less than seven months after the buckling incident of the Danube Bridge, the Cleddau
Bridge, near the seaport of Milford Haven, Wales, collapsed on the 2nd of June 1970
during construction. It is a little like irony of fate that just ten days after the destruction
of the Britannia Bridge (that happened the 23rd of May the same year), the Cleddau
Bridge collapses – a bridge that would be one of the longest in Europe (having a
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Figure 3.27 Elevation of the Cleddau Bridge during erection (prior to the collapse of the right-hand
part, on the south side).

Figure 3.28 Cross-section of the Cleddau Bridge.

maximum span of 214 meters). The predecessor and the inheritor, are made unfit for
use almost at the same time, and top of all, they were both located in Wales.
The Cleddau Bridge was to be a continuous box-girder bridge in seven spans, with
a total bridge length of 820 meters (Fig. 3.27) (in the re-designed bridge – after the
collapse – the centre part was rebuilt though into a cantilever bridge, having a reduced
span length as well).
After the end spans on either side had been erected (using false-work), the free
cantilevering erection method was used for the continued assembly. For the north end
(to the left in the elevation above) it was decided to use a temporary support in midspan of the second span, while on the south side (to the right in the elevation) it was
decided to manage without, due to the shorter span length. The trapezoidally shaped
cross-section of the bridge had a lower flange width of 6.71 meter, an upper flange
width of 20.13 meter, and a depth of 6.10 meter (Fig. 3.28).
The designer, Freeman, Fox & Partners, had with great success a couple of years
earlier, used a trapezoidally shaped cross-section at the construction of the Severn
Bridge (a 988 meter long suspension bridge) and at the construction of the Wye Bridge
(a 235 meter long cable-stayed bridge), and wanted to continue with this successful
concept. The box-girder bridge cross-section was here, in contrast to the Danube
Bridge, stiffened in the longitudinal direction by the use of more buckling stiff and
torsionally rigid stiffeners. The assembly of the second span on the south side of the
bridge, had at the time of the collapse cantilevered out 61 meters, and the final section
(Figs. 3.29, 3.30) (closing the gap of 77 meters) was just to be launched out, as the
bridge buckled over the inner support, and the huge arm fell 30 meters to the ground
(killing four people).
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Figure 3.29 Collapse of the second span on the south side.

Figure 3.30 The cantilever arm of the second span buckled over the inner support and fell to the
ground.

In contrast to the Danube Bridge – which luckily did receive its damages first after
the system had become statically indeterminate – the Cleddau Bridge had no such
extra inbuilt safety during construction, as the system was statically determinate. As
soon as this hinge was produced (read: the buckling at the inner support) a mechanism
became the result. At the investigation it was established that an inadequately stiffened
diaphragm had initiated the buckling over the support.
Diaphragms are made up of a solid plate in box-girder bridges (having a centrally
located man-hole though, for the passage of personnel during inspection), and these
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Figure 3.31 The stiffened diaphragm plate of the box-girder over the inner support.

Figure 3.32 The shear load from the inclined webs is transferred down to the bearings.

are positioned at a regular interval in the longitudinal direction (say 8–12 m) in order
to ensure a sufficient torsional stiffness of the cross-section. The diaphragms are stiffened, especially over the supports, as they are in these positions subjected to large
concentrated forces. In the Cleddau Bridge, the diaphragm plate was stiffened with
so-called bulb flat stiffeners, having the dimension of 250 × 13 mm2 . The plate itself
was 10 mm thick in between the bearings, and 13 mm locally over the bearings and to
the inclined webs (Fig. 3.31).
A diaphragm over a support has many functions:
–
–
–
–
–

Transfer the shear load, that is coming from the inclined webs, down to the
bearings,
Carry the reaction forces,
Act as a vertical stiffener of the web plate,
Act as a stiffening girder during the replacing of a bearing,
Transfer the horizontal forces from wind and traffic down to the bearings.

The first function mentioned above, means that the diaphragm has to act a stiffening
(transverse) girder that is loaded at the edges with the inclined shear force (Fig. 3.32).
As a comparison – in order to better understand the action of a diaphragm having inclined edges – we study a diaphragm for a rectangularly shaped cross-section
(Fig. 3.33).
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Figure 3.33 As a simplified model showing the load distribution – a rectangular diaphragm plate.

Figure 3.34 Equilibrium due to the inclined diagonal force is met by a horizontal balancing (compressive)
force.

Figure 3.35 Locally, close to the bearings, the diaphragm plate is subjected to two-axial compression.

The shear load must also here be transferred from the edges (where the web plates
are connected) to the bearings. In a simplified manner we assume that all loads are
introduced in the upper part of the diaphragm, and are then transferred down to the
bearings through a diagonal, that is in compression. Even if the diaphragms in general
are large, there is a local concentration of forces in compression over the bearings.
Besides the vertical reaction force and the diagonal force, the inclined diagonal force
has also to be balanced by a horizontal force in this region (Fig. 3.34).
The diaphragm plate is thus subjected to a two-axial compression locally over the
bearings (Fig. 3.35).
The critical buckling stress for a plate loaded in two-axial compression, follows a
linear relationship according to (Eq. 3.2):
σy
σx
+
= 1, 0
σx,cr
σy,cr

⇒



σy
σx = σx,cr · 1 −
σy,cr

(3.2)
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Figure 3.36 Additional vertical reaction force (in the diaphragm plate) was induced due to the curvature
effect.

Figure 3.37 Eccentric loading of the bearing pad induced local bending of the lower flange plate and
of the diaphragm plate.

The relationship could also be expressed through the buckling coefficient k (Eq. 3.3):


σy
kx = 4.0 · 1 −
σx

(3.3)

As the loading in the transverse direction is increasing, the critical buckling stress – for
the higher loading in the x-direction – will decrease (i.e. the buckling coefficient will
become less than 4.0).
Besides the two-axial stress state – due to the transfer of the shear force from
the inclined webs – there were a number of other factors that even more increased the
stresses over the support. There was, for example, the additional compression in the
diaphragm plate coming from the curvature effect (Fig. 3.36).
In addition did the curvature induce a local eccentricity, as the 40 mm wide bearing
plate became eccentrically loaded. This eccentricity made the lower flange (of the
box-girder) and the diaphragm wall become subjected to a bending rotation (Fig. 3.37)
In the investigation it was also found that the “holding-down bolts’’, which at a
later stage of the erection (cantilevering of the third span) should prevent lifting of
the bearings, had been tightened. The effect of this tightening was most certainly
that the support became fixed, which additionally increased the vertical reaction force
over the supports (Fig. 3.38).
All of these effects taken together did create an excessive loading of the diaphragm
plate locally over the supports, and this made the plate and the stiffeners buckle,
followed by the buckling of the web plates, and then the collapse of the entire crosssection. The code at that time was quite clearly inadequate with respect to proper design
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Figure 3.38 Fixing the bolts (which were needed in holding down the box-girder bridge when cantilevering out the third span) at this early stage meant that an additional reaction force was introduced
(due to the clamped condition).

Figure 3.39 The configuration of a modern box-girder bridge diaphragm plate, having extra stiffeners
in the highly stressed regions.

of diaphragm plates, and also were the designers not fully aware of the complexity
regarding the action of the same. Today the diaphragms are not only having larger
thickness and stronger stiffeners, they are also provided with extra stiffeners locally
where the stress concentrations are the highest (Fig. 3.39).
3.3.3 T h e W e s t Ga t e B r i d g e
The West Gate Bridge in Melbourne was to become the without comparison largest
bridge that Australia have ever seen before – four lanes in each direction, and with
a total length of almost 2.6 kilometers. The bridge consisted of two parts; approach
spans in reinforced concrete of 67 meters each, and a centre part in steel having a
total length of 848 meter. This steel section was a continuous box-girder bridge in
five spans, having the three centre spans, over the Lower Yarra River, suspended by
stay-cables. The main span of 336 meters would be one of the longest in the world for
a cable-stayed bridge (Fig. 3.40).
The trapezoidally shaped cross-section had two inclined and two vertical webs,
all together forming a three-cell box-girder bridge. Besides contributing to the loadcarrying capacity, the vertical webs also functioned as inner supports for the crossbeams
in the upper and lower flange (Fig. 3.41).
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Figure 3.40 Elevation of the West Gate Bridge.

Figure 3.41 Cross-section of the West Gate Bridge.

The choice of designer came once again to be the renowned English consulting
engineer Freeman, Fox & Partners, as the competence was judged to be lacking in
Australia for such a large bridge. FF&P had also an impeccable and good reputation
going back to 1932 being the designers of the Sydney Harbour Bridge.
The construction of the bridge started in April 1968, and there was a hope that
the work should be finished to December 1970, however, due to strikes and other
delays, the work came to be seven months behind time schedule already by the end of
1969. In the beginning of 1970 the original steel contractor was replaced, but the fact
was still remaining that construction was much overdue. The stress was definitely not
lessening as the message came in June 1970 that the Cleddau Bridge in Milford Haven
had collapsed, and that FF&P was the designer also there. FF&P made the best of the
situation, trying to explain to the authorities and working personnel that it was a once
in a lifetime incident, and that the bridge in Milford Haven was built using the free
cantilevering technique, which was not the erection method used for the West Gate
Bridge. The first spans on the east and west sides (those having a span length of 112
meter) were just to be erected, and the technique was to build the spans on the ground,
before lifting them into position resting on their inner supports. The Milford Haven
collapse, however, led to the strengthening of these cross-sections.
The time pressure made the contractor choose a somewhat unusual erection sequence
though. In order to save time and reduce the weight for the lifting process, it was
decided to build the bridge in two separate halves. One half at the time was then lifted
up by the help of hydraulic jacks, and launched horizontally on a sliding girder into
position (Fig. 3.42).
The photo in Fig. 3.43 shows the two bridge halves before being joined together.
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Figure 3.42 The lifting procedure of the two separate halves.

Figure 3.43 The two separated halves, on top of the supports, before being joined together.

Already at the assembly of the first half of the bridge on the ground on the east
side, problems had arisen. The free flange edge of the inner part had buckled, as
the span lay simply supported before the lifting process, having the entire length free
and unsupported. The box-girder half became already on the ground subjected to
maximum moment due to self-weight – the lower flange in tension, and the upper
flange in compression, which did buckle due to the stresses it became subjected to
(Fig. 3.44).
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Figure 3.44 The upper (and outstanding free) flange buckled already when the bridge half lay on the
ground, supported at the ends (before being lifted).

Strangely enough did they not attend to the problem when the bridge half was still on
the ground, instead it was decided to continue with the lifting process, and thereafter
deal with the buckled flange edge up in the air. The logical thing had of course been to
remove the stresses by putting the bridge back to its original supports, along the entire
length of the girder, and thereby unload and straighten the upper flange. And by doing
so, they would have been given themselves the chance of also strengthening the flange
edge.
The decision to assemble the bridge in two separate halves was the reason why
the flange became free and unsupported, which also made it buckle. We will in the
following study this free flange edge more in detail, and compare the critical buckling
stress of the same, in comparison to the case when the two flanges of the separate
halves have been joined together. The protruding free flange was reinforced in the
longitudinal direction by bulb flat stiffeners (just as for the Cleddau Bridge in Milford
Haven) each 1060 millimeters. At the free edge of the flange, this distance came to be
halved. The flange plate and the longitudinal stiffeners were in their turn stiffened by
a crossbeam every 3.2-meter in the transverse direction – the cross-beam was also a
bulb flat stiffener (460 millimeter deep) (Fig. 3.45).
Let us now study the part of the stiffened flange that is closest to the free edge, having
the remaining three edges supported by a longitudinal stiffener and two crossbeams
(Fig. 3.46).
The critical buckling stress (for this plate supported on three edges), with respect to
an evenly distributed compressive load, will be (Eq. 3.4):
σcr = 0.425 ·

π2 · E
12 · (1 − υ2 ) ·

 530 2
9.5

(3.4)
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Figure 3.45 Cross-section of the bridge half, with a close-up of the upper flange end together with a
side-view of the same.

Figure 3.46 The free flange plate in between longitudinal and transverse stiffeners.

As the free edge will be joined with the opposite flange plate (from the other bridge
half), the critical buckling stress will increase (i.e. beneficial), even though the width
has been doubled (Eq. 3.5 and Fig. 3.47):
σcr = 4.0 ·

π2 · E
12 · (1 − υ2 ) ·

 2·530 2

(3.5)

9.5

If we now compare the critical buckling stresses with each other, we find that the
latter – the one with the doubled width – is 2.35 times larger than the former (Eq. 3.6):



4, 0/22
= 2.35
0.425

(3.6)
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Figure 3.47 The width of the flange plate – in between the longitudinal stiffeners – will be doubled, as
the two bridge halves are joined together, but still the critical buckling stress will increase.

Figure 3.48 Buckling of the longitudinal stiffener, being supported by flexible transverse stiffeners.

The critical buckling stress became more than 50% reduced due to this temporary
free edge of the flange, which also was realized already on the ground. However, as
has been mentioned earlier, they waited until the bridge was lifted into position before
taking care of the buckles, even though the buckles were up to 380 millimeters in amplitude! The reason behind the large amplitude was the fact that also the longitudinal
stiffener (closest to the free edge) had buckled, due to the flexibility of the transverse
cross-beams (which did not act as rigid supports, as they were flexible cantilevers)
(Fig. 3.48).
This flexibility of the transverse cross-beams, made the longitudinal stiffener have a
buckling length longer than the distance between the cross-beams. The deflections of
the cross-beams were 50–75 millimeter, and it was this flexibility that contributed to
the buckling of the plate edge, and also explains why the deflection of the same became
as large as 380 millimeter. In addition, a weak splice of the longitudinal stiffener also
did contribute to the reduced buckling strength. Each 16th meter the longitudinal
stiffeners were spliced, by using a simple single-lap joint, having a rectangular plate,
100 × 12.5 mm2 , overlapping the two bulb flat stiffener edges. The designer had by this
choice of configuration inserted an local weakness of the stiffeners – the overlapping
plate was not only smaller in dimension (than the bulb flat stiffeners), it was also
eccentrically positioned, and last, but not least, not welded to the upper flange plate,
which made it less strong in the transverse direction. This detail had thus a markedly
reduced strength of transferring axial load from one end of a longitudinal stiffener to
the other (Fig. 3.49).
Being up in the air, there was no chance of unloading the bridge half, instead they
had to solve the problem with the buckled plate edge in a different manner. They

Box-girder bridges

47

Figure 3.49 The rather weak detailing of the longitudinal stiffener splice (each 16th meter).

Figure 3.50 By removing the bolts in transverse splices (of the deck plate) the buckles were removed
due to the plates slipping under each other.

did then take a bold decision, to quite simply open up transverse splices in order to
“relieve’’ the inbuilt stresses, which were the cause of the buckling – the plates would
then slip under each other, and by doing so straighten out the buckled plate. This was
a step that worked quite satisfactory for this east span (Fig. 3.50).
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Figure 3.51 The upper flange edge of the bridge halves on the west side were stiffened by an extra
longitudinal, and the transverse cross-beams were supported by an additional diagonal.

New holes had to be drilled (or the enlargement or re-drilling of already the existing
ones) in order for the bolts to be inserted again (the slip between the plates is heavily
exaggerated in the drawing above, see Fig. 3.50).
For the continued work of the assembly of the bridge halves on the west side, the
free flange edge was stiffened with an extra longitudinal, and each cross-beam was
supported by a diagonal – all due to the lesson made from the buckling of the east
bridge (Fig. 3.51).
At the assembly of the west girder halves in the air, this extra reinforcement did show
to be efficient, and there was initially no problem with buckling of the upper flange.
Instead another problem arose when the two halves were to be joined together – due
to tolerances that were exceeded, and a difference in deflection, there was a vertical
gap of 115 millimeter in mid-span between the two halves. There had been a similar
problem also for the east span, however, due to smaller distance the discrepancy was
evened out by the help of jacks. A distance of 115 millimeter is too much for jacks to
even out, so they had to come up with another idea for this west span. It was then
that they came up with the in a sense “logical’’ idea, but alas, so fateful. They took
seven concrete blocks of eight tons each, and placed them in mid-span on the half they
wanted to deflect down (Fig. 3.52).
The extra strengthening of the free edge – that showed to be sufficient for loading
coming from self-weight alone – did show insufficient for the additional loading coming

Box-girder bridges

49

Figure 3.52 Extra loading were put on one of the bridge halves to even out the difference in deflection.

Figure 3.53 The difference in deflection was evened out by the extra concrete blocks (to be seen
on the left), but the free edge (of the extra loaded half ) buckled, still being stiffened by the extra
longitudinal at the free upper flange end.

from this temporary loading of the concrete blocks (the bending moment in mid-span
increased some 15–20% relative to the bending moment of the self-weight alone). The
difference in deflection evened out, however, the entire upper flange plate buckled
(including the longitudinal stiffeners). In Fig. 3.53, the concrete blocks can be seen on
the left, as well as the extra longitudinal stiffener at the free edge.
The continued work of the assembly was taken to a halt completely, and for more
than a month (!) they discussed about what to do about the situation. Finally it was
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Figure 3.54 The “man-made’’ produced hinge made the bridge collapse to the ground.

decided to go ahead with the method used for the east span, i.e. to open up a transverse
splice by removing the bolts. They started with the splice in mid-span and removed
the bolts one by one – the difference being, in comparison to the east span, that the
buckle now was much larger and the loading heavier. As more and more bolts were
removed, the stress increased on the remaining active part of the upper flange of the
bridge – not only due to the loss of cross-sectional area, but also due to the gradual
lowering of the neutral axis. After 16 bolts had been removed, there was a visible reduction of the buckles (through slipping of the plates), but there was also the effect that
some of the remaining bolts were squeezed tight (which made the continued loosening
more troublesome). When 37 bolts had been removed the inevitable collapse of the
cross-section started – a buckle in the upper flange plate spread in the transverse direction (across the width of the bridge) due to the overloading of the net section, and
also the vertical web did buckle in its upper part (where it was subjected to compression). The remaining bolts of the upper flange were cut off due to the excessive
shearing forces between the plates, and this was followed by a slow sinking of the
left-hand bridge half (compare Fig. 3.53), which now was carried by the right-hand
bridge half (the intact half) alone – there had been some connecting of the two halves
earlier. However, as the loading of this right-hand bridge half also became too much,
it gave after for the excessive loading and the entire bridge fell some 50 meters to
the ground – 36 people were killed on this tragic accident the 15th of October 1970.
Just as was the case for the Cleddau Bridge in Milford Haven – where the buckling
of the diaphragm produced a hinge, that transformed the statically determinate system into a mechanism – so did the “man-made’’ hinge here in the West Gate Bridge
(Fig. 3.54) make the simply supported girder span collapse to the ground (the clearly
visible hinge – as folding of the upper flange – can also be seen on the photo in
Fig. 3.55).
Every 16th meter one could see a local “ridge’’ in the upper flange, and this was the
result of the weak detail described earlier of the splicing of the longitudinal stiffeners
(Fig. 3.56) (can also be seen at the lower end of the photo in Fig. 3.55).
This local damage had nothing to do with the actual collapse of the entire bridge,
instead it can be seen as a last and final “death-rattle’’.
The collapse was caused by a series of faulty decision, which all started by
the contractor choosing the rather unusual method of assembling the bridge in
two separate halves. Stephenson did show, already back in 1850, that it is not
impossible to perform a lift of a 1600-ton heavy bridge section (which was the
weight of one of the tubes for the centre span of the Britannia Bridge). If they
had decided, for the West Gate Bridge, to carry out the lifting of the bridge as
a complete unit, the weight would “only’’ have been 1200 tons, and then all
the problems concerning buckling and difference in vertical deflection would have
been gone.
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Figure 3.55 The collapsed bridge span on the ground.

At the investigation of the reason for the collapse, it was found, besides the blame
of the contractor, that Freeman, Fox & Partners had to take the major part of the
responsibility:
–
–
–
–

They had not checked the load-carrying capacity thoroughly enough for the
assembly (and lifting) of the bridge in two halves.
Questions regarding the structure as a whole had FF&P been neglecting to answer
during construction.
The inspection on site had been scarce, and carried out by a 23 year old and newly
become civil engineer.
Last, but not least, the main responsibility rested on FF&P for the decision to
remove the bolts.
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Figure 3.56 The local collapse of the weak splicing of the longitudinal stiffeners (compare Fig. 3.49).

If you ever visit The Monash University, Department of Civil Engineering, in
Melbourne, then take the opportunity to study some of the remaining parts from The
West Gate Bridge. Some “scrap pieces’’ have been saved there, outside the building, as
a reminder of the importance of remembering bridge failures, and to learn from the
mistakes made. On the left in the photo one can, for example, see the buckled splice
between the longitudinal stiffeners (Fig. 3.57).
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Figure 3.57 Some removed and saved parts from the collapsedWest Gate Bridge at Monash University
in Melbourne,Australia.

Figure 3.58 Elevation of the Rhine Bridge, near Koblenz.

3.3.4 T h e R hi n e B r i d g e
On the 10th of November 1971, little more than a year after the collapse of the West
Gate Bridge, a box-girder bridge over the Rhine near Koblenz, close to the inlet of the
tributary river Mosel, fell down during construction, killing 13 workers. The bridge
(also called “The Südbrücke’’) was a continuous and haunched box-girder bridge in
three spans, and would be one of Germany’s first ever all-welded bridges. The total
length was 442 meter, having a centre span of 236 meter and two end spans of 103
meter each (Fig. 3.58).
The cross-section of the bridge in mid-span had an 11.0 meter wide lower flange,
a 29.5 meter wide upper flange, and a depth of 5.88 meter. The upper flange and the
inclined web plates were in the longitudinal direction strengthened by bulb flat stiffeners (just as the case was for the Cleddau Bridge and the West Gate Bridge), while the
lower flange had T-profiles (which also was used for the Britannia Bridge) (Fig. 3.59).
In order to minimize the obstruction to the boat traffic, one had chosen to cantilever
out the centre span from both directions (just as for the Danube Bridge). The cantilever
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arm was about 100 meters long, and there was just the erection of the final section (an
18 meter high lift of a 16 meter long and 85 ton bridge element from the water level)
as the cantilever arm collapsed approximately halfway out (Fig. 3.60) (compare also
the photo in Fig. 3.61).

Figure 3.59 Cross-section of the Rhine Bridge, near Koblenz.

Figure 3.60 During erection of the main span (using the free cantilevering technique) the cantilever
arm buckled approximately half-way out and fell into the river Rhine.

Figure 3.61 Photo taken just after the collapse (compare Fig. 3.60).
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The negative bending moment that is the effect of self-weight, the weight of the
crane, and the new girder element (plus the additional inertia forces as the cantilever
arm must be assumed to have been set in swaying), created too much compression
for the lower flange to carry, which buckled and unluckily transformed the statically
determinate system into a mechanism. The strange thing, however, was that the buckle
came halfway out, and not at the inner support, where the bending moment was the
greatest. Several factors do influence here:
–
–

–

The bridge was haunched over the supports, i.e. stronger at these locations due to
larger depth.
The position of the buckle – 55 meter out from the support – is approximately
where one could expect the zero-moment points to be for the continuous system,
and it can thus be assumed that the stiffeners there were “minimized’’ in size.
Last, but not least, the buckle did come exactly where the longitudinal stiffeners
in the lower flange were spliced (i.e. in the joint between two elements) – a splice
that quite clearly proved to be insufficient, as we will see in the following.

When two elements were to be joined together, there was a horizontal gap of 225 millimeter from each edge, to allow for the automatic welding in the transverse direction
of the elements (without interruption of the many stiffeners) (Fig. 3.62).

Figure 3.62 The longitudinal stiffener configuration of the box-girder bridge bottom flange.
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As the longitudinal stiffeners were to be made intact again (i.e. continuous over the
joint), the choice was to “hang’’ a T-profile on to the edges of two adjacent stiffeners,
instead of filling the gap with an exact profile. The intention was (and quite rightly so,
looking at the problem from one point of view) to avoid intersecting welds, that is a
weakening factor concerning fatigue and brittle fracture strength (Fig. 3.63).
This choice of configuration created a free vertical distance of 25 millimeter between
the inserted profile and the flange plate, which unfortunately did show to be the direct
reason why buckling was initiated. Almost the same type of splice had been used at
the West Gate Bridge (compare Fig. 3.49), however, there – in contrast to this bridge –
was this weakening not the “triggering factor’’ (as it did show to be here).
We will in the following study and analyze the load-carrying capacity of the flange
plate in this more or less unstiffened zone. We lack information about the thickness
of the plate, and the yield strength of the steel material, however, as a qualified guess
we assume t = 10 mm and fy = 360 MPa. The flange plate is 11.0 meter wide and 450
millimeter long (in between the stiffener edges), and we assume simple supports along
the four edges of the plate (Fig. 3.64).
We could perhaps assume the plate of being clamped to a certain degree close to
the stiffener edges, however, as the stiffeners are widely separated (having a spacing
of 524 mm) in relation to the distance in the longitudinal direction (i.e. 450 mm) we
neglect this effect. Besides, as the free buckling length of the flange plate also is longer

Figure 3.63 The unfortunate choice of splicing the longitudinal stiffeners.

Figure 3.64 The unstiffened part of the bottom flange plate, in between the longitudinal stiffener ends.
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(i.e. longer than 450 mm) in between the stiffeners, this compensates our assumption
regarding the simple supports at a distance of 450 millimeter.
We calculate the critical buckling stress for the flange plate (Eqs. 3.7–3.8):

k=

0.450
11.0
+
0.450
11.0

σcr = 599.5 ·

2
= 599.5 (with m = 1)

π2 · 210000
 11.0 2 = 94.0 MPa
12 · (1 − 0.32 ) · 0.010

(3.7)

(3.8)

Just to assure ourselves of the reasonableness of this value, we calculate the critical
buckling stress, but based on the Euler theory (knowing that the difference in result
given the theory for a plate and the theory of a strut should be small, as the loaded
width is small (compare pages 6 and 11) (Eq. 3.9):
σEuler =

π2 · 210000
 2 = 93.7 MPa
12 · (1 − 0.32 ) · 450
10

(3.9)

The small difference in results – which confirmed the validity – is also on the right side.
The critical buckling stress, based on the plate theory, will even for very wide plates
be slightly higher, due to the double curvature at the edges.
We calculate the effective width according to the Eurocode, in order to receive the
maximum load-carrying capacity in the ultimate loading state (compare pages 15–16)
(Eq. 3.10):
λp =
⇒

360
= 1.957
94.0

ρ=

(1.957 − 0.22)
= 0.454
1.9572

beff = 0.454 · 11.0 = 4.99 m

(3.10)

Now we compare this value with the effective width for the stiffened flange plate on
either side of the spliced zone (i.e. the effective width for an 11.0 meter wide stiffened
plate having 20 stiffeners, spaced 524 millimeters). As it is now a much smaller free
distance in the transverse direction, the critical buckling stress will increase markedly
(Eqs. 3.11 & 3.12):
σcr = 4.0 ·

λp =

⇒

π2 · 210000
  2 = 276.5 MPa
12 · 1 − 0.32 · 524
10


(3.11)

(1.141 − 0.22)
360
= 0.707
= 1.141 ρ =
276.5
1.1412
beff = 0.707 · 0.524 · 21 = 7.78 m

(3.12)
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Figure 3.65 A simplified model that could be used to explain and to understand the behaviour of the
weak splicing of the longitudinal stiffeners in the box-girder bridge bottom flange – an axially loaded
column having the web spliced with two cover plates over a gap.

Figure 3.66 Local buckling of the column having the web spliced.

In relation to the stiffened parts on either side, the capacity has been reduced to only
64% in the spliced zone (4.99/7.78) – a major decrease, that to an almost certainty
not was taken into consideration!
As the flange plate was not in close (and composite) contact with the longitudinal
stiffeners in the spliced zone, it buckled and thus triggered the collapse of the entire
cross-section. As a similitude one can consider a column, that has a very special splice
where a part of the web is missing, and that the web has been replaced with two
separate cover plates (Fig. 3.65).
For such a weak splice it is not difficult to imagine the scenario at the first heavy
loading – the flange plate of the column, and the cover plates, will for sure buckle out
(as the splice more or less also can be regarded as a hinge) (Fig. 3.66).
Something that in addition did weaken the splice detail in the Rhine Bridge was
the inevitable welding deformations that more or less forced the flange plate into a
deflected shape in between the stiffener edges, and this already from the start, i.e.
before the structure came to be loaded (the deformation below is enlarged and only in
principle) (Fig. 3.67).

Box-girder bridges

59

Figure 3.67 Welding deformations in the transverse splice of the bottom flange plate tend to produce
out-of-plane deformations.

Figure 3.68 The free and unstiffened lower edge of the inserted T-profile (in the gap) is a weak part
with respect to normal stress buckling.

An additional effect, that most certainly also not was considered, was the “splice
profile’’ (i.e. the inserted T-profile), which had a lower flange that was free and
unsupported, and this made it prone for normal stress buckling along this edge (just
as the case was for the free flange edge of the West Gate Bridge) (Fig. 3.68).
After the collapse, the Rhine Bridge was re-built, now with the gap between the splice
profile and the flange plate closed, and with extra strengthening of the bridge in general.
For the erection of the new bridge, free cantilevering was once again used (despite the
consequence for the original bridge), however now with a reduced maximum cantilever
length – a 60-meter long mid-section was this time lifted up from two cantilever ends.
3.3.5 The Z e ul e n r o d a B r i d g e
Up until the end of the 1990s, the belief was that the four bridges in Wien, Milford
Haven, Melbourne, and Koblenz, were the only major examples of box-girder bridge
collapses during erection. Imagine the surprise as it in 1998 was reported in the German
scientific journal Stahlbau of another box-girder bridge collapse – a collapse that also
had taken place in the early 1970s. The East German authorities had kept this incident
a secret to the Western world, and it was not until the archives were opened that the
information became available for the general public. A probable reason why this was
hidden away was the fact that the collapse happened at the same day as the anniversary
of the Berlin Wall. Twelve year to the day, after the building of the Berlin Wall, and
less than four years after the buckling of the Danube Bridge, the box-girder bridge in
Zeulenroda (approximately 100 kilometers south of Leipzig, close to the border of the
Czech Republic, then Czechoslovakia) did collapse – on the 13th of August 1973 –
killing four people.
The bridge was to be a continuous box-girder bridge in six spans, having a total
length of 362 meter. Just before the collapse, the second span had been cantilevered
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Figure 3.69 Elevation of the Zeulenroda Bridge during erection.

Figure 3.70 A longitudinal view of the Zeulenroda Bridge during erection.

Figure 3.71 Collapse mechanism.

half-way out, and the next element was to be assembled, carried by a temporary
support in mid-span (Fig. 3.69) (see also Fig. 3.70).
However, the temporary support in mid-span never came to be in use, as the bridge
suddenly gave way and fell to the ground (Fig. 3.71).
There was no exact and detailed explanation put forward in the Stahlbau article of
the reason for the collapse, but still we will in the following give it a try to analyze the
bridge cross-section to see if we can, somehow, prove that the bridge was inadequate
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Figure 3.72 The unexpected and sudden collapse of the Zeulenroda Bridge.

in its design. The structural drawing, showing the cross-section of the box-girder, is
the following (given in Fig. 3.73).
This drawing gives us the information about the cross-section that we need for our
analysis (Fig. 3.74).
The assembly of the bridge was, as has been mentioned previously, at the stage where
the cantilever was halfway out, and that the next element was to be connected to the
cantilever end, supported also by a temporary support (Fig. 3.75).
As the bridge gave way, the new element was not yet at the crane, instead it was
positioned behind the same. The approximate positions of the crane and the element
out on the cantilever were the following (Fig. 3.76).
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Figure 3.73 Cross-section of the Zeulenroda Bridge, as given in the structural drawings.

Figure 3.74 The cross-section used for the analysis to come in this text.

Figure 3.75 The next sequence in the assembly of the bridge (if it not had been for the collapse
that is).
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Figure 3.76 The position of the crane and the new element just prior to the collapse (compare Fig. 3.72).

Figure 3.77 The different loads acting on the cantilever arm.

In order to get an idea of the loading action on the cantilever arm at this particular
occasion, we need not only the positions of the different loads, but also the size of the
same. The weight Q of the crane, we set an absolute minimum value to (Fig. 3.77).
Q ≥ 100 kN
After analyzing the cross-section and finding the constants, we achieve the remaining
loads on the cantilever. The new element is 13.7 meters long, and is without transverse
cantilevers.
G = 305.8 kN (the weight of the new element)
g = 25.8 kN/m (self-weight per meter bridge)
D = 5.4 kN (the weight of the diaphragm)
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The cross-sectional constants being:
A = 287976 mm2
Ix = 19.362 × 1010 mm4
yn.a. = 574 mm
The design bending moment for transient loading (i.e. temporary loading during
construction) becomes (Eqs. 3.13 & 3.14):
31.52
+ 5.4 · (4.1 + 17.8 + 31.5)
2
+ 305.8 · 12.1 + 100 · (31.5 − 6) = 19339 kNm

M = 25.8 ·

Msd = γG · M = 1.35 · 19339 = 26107 kNm

(3.13)
(3.14)

The maximum normal stresses in the upper and lower flanges become (Eqs. 3.15 &
3.16):
Msd
26107 · 10−3
· yn.a. =
· 574 · 10−3 = 77.4 MPa
Ix
19.362 · 10−2

Msd 
26107 · 10−3
=
· h − yn.a. =
· (2150 − 574) · 10−3
Ix
19.362 · 10−2
= 212.5 MPa

σupper =
σlower

(3.15)

(3.16)

The lower flange, that shall carry a compressive stress of 212.5 MPa, is stiffened in
the longitudinal direction by five flat steel bars, and in the transverse direction by a
stiffener each 2.74-meter (Fig. 3.78).
The first step will be to check the maximum capacity of the flange plate in between
the longitudinal stiffeners. We start by calculating the critical buckling stress of the

Figure 3.78 Transverse and longitudinal stiffeners in the lower flange.
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same. We assume the free width of being equal to the centre distance between the
stiffeners (Eqs. 3.17 & 3.18):
a = 2.74 m b =

4.0
= 0.667 m
6

a
2.74
=
= 4.1
b
0.667
σcr = 4 ·

⇒

k=4

π2 · 210000
 2 = 170.6 MPa
12 · (1 − 0.32 ) · 667
10

(3.17)
(3.18)

Already here we see that something is not quite right – the actual compressive stress
of 212.5 MPa is markedly exceeding the ideal critical buckling stress – and we can
suspect that the post-critical reserve strength is not going to be enough. We will still
carry out the analysis. First we check the cross-section class of the flange plate. The
steel quality is St 38, which has a yield strength of 235 MPa (Eqs. 3.19 & 3.20):
b
≤ 42 ·
t

Class 3:

Actual slenderness:

235
= 42
fy
b
667
=
= 66.7
tf
10

(3.19)

(3.20)

⇒ Class 4
We continue by calculating the effective width (for a cross-section in Class 4)
(Eqs. 3.21–3.23):
λp =

ρ=

⇒

235
= 1.173
170.6

(1.173 − 0.22)
= 0.693
1.1732
beff = 0.693 · 667 = 462 mm

(3.21)

(3.22)

(3.23)

The load-carrying capacity – expressed as the axial force capacity – then becomes
(Eq. 3.24):
Nc.Rd =
=

Aeff · fy
γM1

462 · 10−3 · 10 · 10−3 · 235 · 103
= 1086 kN
1.0

(3.24)
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which we compare to the design axial force (Eq. 3.25):
Nc.Sd = Atot · σlower
= 667 · 10−3 · 10 · 10−3 · 212.5 · 103 = 1417 kN

(3.25)

⇒ Insufficient load-carrying capacity!
If the flange plate (in between the stiffeners) would have had a sufficient load-carrying
capacity, the next step in our analysis would have been focusing on the longitudinal
stiffeners alone. For the completeness of our analysis we continue to do this check,
and we assume the longitudinal stiffeners are having the dimension that was originally
given in the cross-section, i.e. 125 × 10 mm2 – the thickness is, however, crossed out
and adjusted to 20 millimeters (an adjustment made afterwards – as a correction of
what it should have been?). The simplest model, but also the most practical one,
is to regard the longitudinal stiffeners as separate units, without any support in the
transverse direction from the flange plate. The stiffeners are then assumed to buckle
independently of each other, in the out-of-plane direction relative the flange plate plane
(in between the transverse cross-beams) as isolated elements (Fig. 3.79).
We have then the following cross-section to analyze (Fig. 3.80).
A check of the cross-section class of the longitudinal stiffener (Eqs. 3.26 & 3.27):
Class 3:

c
≤ 14 ·
t

Actual slenderness:

235
= 14
fy

(3.26)

125
c
=
= 12, 5
t
10

(3.27)

As the actual slenderness lies below the slenderness limit of Class 3, the longitudinal
stiffener (being subjected to axial compression) has a full capacity to fully plastify.
Note that this is only with respect to the local instability risk.

Figure 3.79 As a simplified approach the longitudinal stiffeners are assumed to buckle independently
of each other.

Figure 3.80 Cross-section of the longitudinal stiffener and the interacting part of the lower flange
plate.
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Cross-sectional constants:
Agross = 7920 mm2
Aeff = 5870 mm2 (with the effective width as before)
yn.a. = 15.7 mm
Ix = 6.48 × 106 mm4
The design buckling resistance (Eqs. 3.28–3.38):
Nb.Rd =

I
=
A

i=
λ=

χ · βA · A · f y
γM1

(3.28)

6.48 · 106
= 28.6 mm
7920

(3.29)

2.74
lc
= 95.8
=
i
28.6 · 10−3

(3.30)

λ1 = 93.9 · ε = 93.9
βA =
λ=

(3.31)

Aeff
5870
=
= 0.741
A
7920

λ
·
λ1

βA =

95.8 √
· 0.741 = 0.878
93.9

buckling curve c (welded)
Nb.Rd =

(3.32)

⇒

χ = 0.614

0.614 · 0.741 · 7920 · 10−6 · 235 · 103
= 847 kN
1.0

(3.33)
(3.34)
(3.35)

To be compared to the actual normal force that a longitudinal stiffener shall carry (we
assume the normal stress to be evenly distributed over the cross-section) (Eq. 3.36):
Nb.Sd ≈ 212.5 · 103 · 7920 · 10−6 = 1683 kN

(3.36)

From the results we see that the longitudinal stiffeners also they were given too small
dimensions, so the bridge was quite clearly doomed to fail during erection. And even
if consideration is made regarding a more refined global buckling model – where, for
example, the influence of the stiffening effect in the transverse direction from the flange
plate is taken into consideration (compare section 4.2, and example 3 and 7), and also,
for the real case, accept a capacity calculated without safety factors on the load and
yield strength – there are more reducing effects that have to be considered, which lower
the load-carrying capacity. In order for a longitudinal stiffener to function as a rigid
nodal point at buckling of the flange plate, it has not only to be sufficiently stiff in the
out-of-plane direction (i.e. in the vertical direction relative the plane flange plate), but
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Figure 3.81 The sine wave buckling pattern in the flange plate has the effect that they tend to rotate
the longitudinal stiffeners in a sine wave pattern as well.

Figure 3.82 Possible “folding’’ mechanism of a longitudinal stiffener due to a local damage.

also be torsionally stiff, in order not to deform in the transverse direction due to the
plate buckling (Fig. 3.81).
Flat steel bars as stiffeners are “torsionally soft’’, which make them susceptible
for welding deformations, and this increases the tendency even more for lateral
deformations. In addition, there is also the probability of hits and damages during
transport, handling and assembly. A local damage can make the stiffener lose most of
its load-carrying capacity with respect to the global buckling resistance (Fig. 3.82).
And if one longitudinal stiffener is eliminated, it also means that the total loadcarrying capacity of the flange plate is reduced (Fig. 3.83) (as the effective width of the
plate decreases).
Thus, the advice is that you never should choose flat bars as longitudinal stiffeners (as
was the case here in the Zeulenroda Bridge, and also in the Danube Bridge), because of
the above-mentioned reasons. They have not enough bending stiffness (and rotational
stiffness) in the transverse direction. Profiles having a large bending stiffness in the
transverse direction (besides the vertical direction) are for example L-profiles or T-bars
(Fig. 3.84).
There are also more advantages than have been discussed above using these kinds of
profiles in comparison to flat steel bars. A flat steel plate has an outstand flange edge,
that is, even if it is straight and without imperfections, very sensitive for normal stress
buckling (compare the discussion regarding the West Gate Bridge, and the free flange
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Figure 3.83 The effect on the overall ultimate loading capacity because of a damaged stiffener.

Figure 3.84 A more desirable choice of stiffener types.

edge). The relatively higher torsional stiffness of L- or T-profiles also gives a higher
clamped condition for the flange plate edges (the transverse rotation is prevented to
a higher degree – compare Figs. 3.81 and 3.84), which increases the critical buckling
stress of the flange plate.
As a final comment regarding the choice of longitudinal stiffener cross-section for
the Zeulenroda Bridge, one can say that the wrong profile was chosen, and this in combination with an insufficient load-carrying capacity of the bridge as a whole. Besides a
thicker flange plate, and more rigid stiffeners, it would also have been motivated with a
greater depth of the bridge cross-section that would have lowered the bending stresses.
The Zeulenroda Bridge was very shallow in relation to the span length (compare for
example with the Cleddau Bridge).

3.4 Summary
We have in section 3.2 (The Britannia Bridge) seen how the buckling risk could be
treated with great success, and this without having full knowledge of the theories,
however, compensating this with tests, and with a great will of learning and understanding. In section 3.3, it was shown a number of collapses in modern time, where
the risk of buckling – in contrast to the Britannia Bridge – not was treated with proper
care, and this despite the fact that they more or less had full access to both theory and
design methods. However, in the end of the 1960s it was still so that the codes did
not give full support to the engineers, as one would have wished, instead they had to
design the box-girder bridges much up to their own ability. The concept of box-girder
bridges was new and exciting, and the engineers did not see any limitations, only
opportunities. The free cantilever erection method was just such an opportunity that
was used – it was here given the chance of an easy and fast erection method, which
did not, for example, obstruct the boat traffic on a river. This particular concept was,
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however, in twice the sense taken too far. With respect to the maximum load-carrying
capacity in the ultimate limit state, of thin-walled bridge girder cross-sections in general, and slender plates in particular, there was an understanding of the existence of the
post-critical reserve effects, but there was a general misunderstanding about the final
and ultimate load-carrying capacity – it was wrongly assumed that the final loading
capacity (taking the post-critical reserve effects into account) should approximately
be three times as large as the critical buckling load. With respect to the necessity that
stiffeners should have a minimum stiffness in the transverse direction, the general idea
was that the flange plate was supporting the stiffeners in the lateral direction, so this
requirement needs not to be considered (which we have seen is definitely not the case).
Each failure case has, however, contributed to the understanding of the buckling
phenomenon in thin-walled and slender plates, and given us its individual clue.
The Danube Bridge
Due to the chosen erection method (free cantilevering), the statically indeterminate
system was bent (i.e. strained) to such a level, that the additional constraint forces
coming from the temperature drop released major buckling of the bridge in two locations. Even if one has to assume the stiffeners being strong enough for the in-service
loading, they were demonstrably not strong enough to meet the temporary loading
during erection.
The Cleddau Bridge
The knowledge concerning how to design and stiffen a diaphragm for concentrated
loads during erection was in this case definitely inadequate.
The West Gate Bridge
Unfortunate choice of erection technique, in combination with a complete ignorance
regarding the primary statics of a simply supported girder.
The Rhine Bridge
A badly chosen stiffener detail over the splice between two bridge elements induced
local buckling that, as a consequence, made the entire bridge collapse.
The Zeulenroda Bridge
In this particular failure case, one could definitely raise the question regarding the
design of this bridge – was it up to the contractor to chose the erection method, without
a proper check by the designer?

Chapter 4

I-girders

4.1 Introduction
In this chapter we will concentrate on the background of the design of I-girders with
respect to buckling, such as normal stress buckling, local buckling under concentrated
loads, and shear buckling. The reason why we study I-girders, instead of continuing
with box-girder bridges more in detail, is that an I-girder, as a structural element, is
less complex, more “two-dimensional’’. Even if the bending theory is applicable for
both bridge types, there are special effects that have to be considered in box-girder
bridges, e.g. torsion and shear lag. The last-mentioned effect is the influence that
wide plates have on the normal stress distribution – the flexibility in the central parts
makes the stresses concentrate more to the stiff edges of the plate (i.e. to the web plate
connection). The shear lag effect is especially large at wide plates in short spans, and
influences the most in the serviceability limit state where consideration has to be made
on the bending stiffness distribution in statically indeterminate systems (and hence the
moment distribution of the same). In the ultimate limit state, however, the plastic stress
redistribution in the cross-section makes the shear lag effect more or less negligible.
In an I-girder bridge there are normally no wide flanges, and therefore no effect of
shear lag. However, for I-girder bridges in composite action with a wide concrete deck,
this effect is present in the behaviour (Fig. 4.1).
The concrete deck will interact with the steel girders and thus contribute to the
capacity of the upper flange, and even if this particular type of bridge is more simple and
traditional than a box-girder bridge, there is also flexibility in the concrete deck against
shear forces that makes shear lag needed to be considered. Besides using an effective
width of the concrete deck (taking shear lag into account), there are additional timedependent effects that also have to be the considered (creep and shrinkage). We will in
the following, however, focus on the more pure I-girder, having no composite action

Figure 4.1 The cross-section of an I-girder bridge, having the concrete deck in composite action
together with the steel girders.
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coming from an interacting concrete deck, and this in order to make the buckling
theories be displayed as clear as possible. As a final comment it is worth mentioning that
the buckling theories are also valid for box-girder bridges, but with the exception that
the shear buckling theory, which is presented in section 4.4, is not directly applicable
for cross-sections having wide and flexible flange plates.

4.2 Normal stress buckling
For an I-girder subjected to a positive bending moment, there is a triangular stress
distribution over the depth of the cross-section, with compressive stresses in the upper
half, and tensile stresses in the lower – and the stresses are parallel to the normal
(longitudinal) axis of the girder. The simply supported I-girder below is subjected to a
uniform bending moment, which compresses the girder in the upper half, and elongates
the same in the lower half (Fig. 4.2).
We also notice that the elongation in the lower part of the girder – despite the
deflection – makes the roller bearing be displaced outwards in relation to the unloaded
position (Fig. 4.3).

Figure 4.2 A simply supported I-girder subjected to uniform bending deformations.

Figure 4.3 Elongation of the lower flange makes the roller bearing move outwards.
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In the upper half, which is subjected to compression, there is a risk of three different
kinds of instability phenomena because of the normal compressive forces (Figs. 4.4–
4.6) (Eqs. 4.1, 4.2):
σcr = 23.9 ·

π2 · E
12 · (1 − υ2 ) ·

σcr = 0.425 ·

 2

π2 · E
12 · (1 − υ2 ) ·

(4.1)

b
t

 2

(4.2)

b
t

This last-mentioned instability phenomenon – lateral/torsional buckling – is a global
buckling phenomenon, where the compression flange is buckling in the lateral (sideways) direction, followed by a rotation of the girder. There exist no post-critical reserve
effects for this type of buckling, so this instability phenomenon is equal to the collapse
of the entire system after lateral/torsional buckling has occurred. We will in the following, however, concentrate on the local buckling phenomena, which possess an ability
of additional loading after buckling has occurred (according to the theory for plates).
If we consider a deep and slender I-girder, where both the flanges and the web are
made of thin-walled plates, and thus belong to cross-section Class 4, the effective
width, for the determination of maximum load-carrying capacity in the ultimate limit
state (for a positive bending moment), will look like this (Fig. 4.7).

Figure 4.4 Possible normal stress buckling in the upper part of the web (web buckling). The critical
buckling stress according to Eq. 4.1.

Figure 4.5 Possible normal stress buckling in the upper flange (flange buckling). The critical buckling
stress according to Eq. 4.2.
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Figure 4.6 Possible out-of-plane (global) buckling of the upper flange in the lateral direction
(lateral/torsional buckling).

Figure 4.7 Effective net cross-section of a class 4 I-girder.

In order to increase the maximum load-carrying capacity, we could attach longitudinal stiffeners in those zones where the normal stress buckles are expected to have the
largest amplitude (Fig. 4.8).
Stiffener type a is used for web buckling, type b for flange buckling, and type c
for flange and web buckling combined. The latter type (which is perhaps most used
for overhead cranes), has the advantage that it also stiffens against lateral/torsional
buckling, as it – besides increases the flange area – also to a certain extent increases
the rotational stiffness. Stiffener type b is also not a common choice for bridges, as the
flanges there are normally made so compact that buckling of the same never should be a
problem – a flange of an I-girder bridge is the main component with respect to bending
moment resistance, and should therefore never be a reducing factor with respect to the
normal stresses on the compressive side. If it is, from this point of view, advantageous
to choose a flange plate having a low slenderness ratio b/t – i.e. small width and/or
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Figure 4.8 Different ways of increasing the buckling resistance of a slender and thin-walled I-girder.

Figure 4.9 A longitudinal stiffener is positioned where web buckling is to be expected (for an unstiffened
web). The upper and lower part of the web – above and below the stiffener – is then the web parts
governing the load-carrying capacity (of the stiffened cross-section).

large thickness – it is the opposite with respect to the lateral/torsional buckling risk.
In order for an I-girder to have a high safety against lateral/torsional buckling a wide
flange is required, which can be hard to combine with the requirement regarding the
local buckling risk. You have to balance the demands against each other. Despite that
the risk of lateral/torsional buckling was negligible for the West Gate Bridge (due to
the wide upper flange), they still forgot about the local buckling risk of the temporary
free upper flange edge (as the slenderness ratio b/t was too high).
Stiffener type a – which is the normal type to use in a deep and slender (i.e. thinwalled) I-girder web – does contribute to the load-carrying capacity, not only because
it minimizes the risk of buckling, but also that it increases the cross-sectional area
as a small extra flange. The longitudinal stiffener is positioned where the maximum
amplitude of the buckles is expected, which is at the level of approximately 20% of
the depth of the web (from the compression flange). The load-carrying capacity of the
stiffened cross-section is then governed by the risk of normal stress buckling on either
side of the stiffener (that is assumed to act as a rigid nodal line) (Fig. 4.9).
Which part of the web plate (on either side of the stiffener) that is going to be governing with respect to the normal stress buckling risk, is decided by the critical buckling
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stress of the same. It is not always that clear which part that will be the governing one
(with respect to the overall load-carrying capacity of the I-girder profile that is):
–

–

For the panel above the stiffener, the loaded width (b ) is small, and this will give a
high critical buckling stress value – however, this is counteracted by a low buckling
coefficient (k), due to dominating compression.
For the panel below the stiffener, the loaded width (b ) is large, and this will give a
low critical buckling stress value – however, this is counteracted by a high buckling
coefficient, due to dominating tension.

Normally it is so that buckling of the unstiffened plate panels on either side of the
stiffener is not limiting the load-carrying capacity, at least not for normal sized girders.
At extra large I-girders there is often, however, a need for more than one longitudinal
stiffener in the web, just as we saw was the case for the web plates in box-girder
bridges. Multiple longitudinal stiffeners can also be motivated if extra robustness and
stability is required during transport and handling.
The requirement that a longitudinal stiffener shall be a fix nodal line with respect to
web buckling, calls for the need that the stiffener not only should be compact, but also
sufficiently stiff so that the stiffener does not buckle in the out-of-plane direction of
the web plate. There are two things governing this resistance against global buckling;
besides the bending stiffness of the stiffener (EI st ), it is also the buckling length of the
same. The governing parameter with respect to the buckling length, is the distance a
between the vertical stiffeners (that has, among other things, the function of minimizing the buckling length of the longitudinal stiffener). When a longitudinal stiffener is
buckling in the lateral direction (i.e. in the out-of-plane direction of the web plate),
the web plate is also holding the stiffener back by its plate (bending) stiffness. The
plate stiffness – which is a function of the web plate thickness tw – is also a parameter
that influences the buckling length of the longitudinal stiffener, and thus the buckling
resistance of the same. A spring bed model is used to describe this stiffening effect in
the transverse (out-of-plane) direction from the web plate (Fig. 4.10).

Figure 4.10 Buckling model for the longitudinal stiffener (interacting with the web plate).
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The buckling length in the longitudinal direction (of the stiffener) can be calculated
according to the following expression (Eq. 4.3):
ac = 4.33 ·

4

Ist · (b )2 · (b )2
(tw )3 · b

(4.3)

Depending on if the calculated buckling length, ac , is smaller or larger than the distance
a between the vertical stiffeners, the critical buckling load becomes (Eqs. 4.4, 4.5):
when ac ≤ a:
Ncr = 1.05 · E ·

Ist · (tw )3 · b
b · b

(4.4)

when ac > a:
Ncr =

π2 · EIst
E · (tw )3 · b · a2
+
2
a
35.7 · (b )2 · (b )2

(4.5)

The transverse, vertical stiffeners, that keep the buckling length down of the longitudinal stiffener, are designed with respect to the demand that the in-plane deflection of
the same (i.e. out-of-plane relative to the web plate) is limited to b/500 for a balancing
force, coming from a possible maximum inclination of the longitudinal stiffeners on
either side of the vertical stiffener (normally this value is set to 2% of the longitudinal
stiffener normal force) (Fig. 4.11).
With respect to the bending moment resistance of the cross-section the vertical stiffeners do not contribute to the load-carrying capacity (more than the reduction in

Figure 4.11 The out-of-straightness of the longitudinal stiffener parts induce a lateral force, which has
to be balanced by the transverse stiffeners.
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Figure 4.12 The longitudinal stiffeners in the different panels are positioned according to the bending
moment distribution.

buckling length of the longitudinal stiffener they gave). With respect to the lateral/
torsional buckling risk, the vertical stiffeners increase the stability somewhat though.
For continuous girders the longitudinal stiffener is positioned in those zones where
the girder is subjected to normal force compression from the bending moment, i.e.
alternating in the upper or lower half (Fig. 4.12).

4.3 Concentrated loads
In positions where a slender girder is subjected to a concentrated transverse load, there
is always a risk that the load-carrying capacity of the girder is reduced with respect
to the local buckling risk. This particular risk was already observed in the 1850s,
when Houbotte from Belgium carried out a series of tests on simply supported girders,
loaded in mid-span with a concentrated load. All of his tests ended in the same manner;
the web plate did buckle in the upper part close to the point load. Depending on the
distance to the girder edge, and if the web was stiffened or not at the supports, the
buckling could as well have occurred in those areas (however, then in the lower half
of the girder). Despite that the material used in steel girders today is stronger, and that
the production is carried out with much higher precision and tolerance demands, the
phenomenon is still the same, as it is first and foremost a matter of instability than a
matter of strength (Fig. 4.13).
If the web plate is sufficiently compact (read: has a sufficiently small slenderness
ratio d/t), the problem is reduced to the maximum possible contact pressure strength
Ry·Rd of the web plate, which is governed by local yielding with successive crushing
(plastic collapse) of the web plate. In the load distribution model a dispersion of the
load – from a stiff bearing (on top of the flange), having the length ss – is assumed
transmitted down into the web (Fig. 4.14), (Eq. 4.6):
The additional dispersion length sy is determined according to the expression:
sy = 2 · tf ·
tf
bf
tw
fyf
fyw
σf ·Ed

bf
·
tw

fyf
·
fyw


1−

σf ·Ed
fyf

thickness of the flange
width of the flange
thickness of the web
yield strength of the flange
yield strength of the web
longitudinal stress in the flange

2
(4.6)
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Figure 4.13 Possible locations for local buckling due to concentrated loads in an I-girder.

Figure 4.14 Local crushing (plastic collapse) in an I-girder having a compact web plate.

Figure 4.15 Crippling (local buckling) in an I-girder having a slender web plate.

The design crushing resistance is then obtained from the expression (Eq. 4.7):
Ry·Rd =

(ss + sy ) · tw · fyw
γM1

(4.7)

However, if the web plate is not being compact, but slender (i.e. with a high slenderness
ratio d/t), the capacity will then instead be governed with respect to crippling (local
buckling) (Fig. 4.15).
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Figure 4.16 Buckling model in the ultimate limit state (taking post-critical reserve effects into account).

Just as the case was for buckling of a plate (uniform compression), the load-carrying
capacity is not restricted by the occurrence of a local buckle in the web plate located
directly under the concentrated load. Post-critical reserve effects – here in the shape
of plastic hinges in the flange, and yield lines in the web (read: plastic folding of the
web) – will give an additional strength to be added to the elastic buckling strength (as
the one in Fig. 4.16).
Over the years it has been presented a large variety of different expressions explaining
the ultimate load-carrying resistance, and these have more or less been semi-empirical,
i.e. based on theoretical models (as the one in the figure above) in combination with
observations from tests carried out. The expression presented in the first edition of the
prestandard (ENV 1993-1-1) for the design crippling resistance was (Eq. 4.8):


tf
tw ss
2
· E · fyw ·
0.5 · tw
+
3
·
·
tw
tf
d
Ra·Rd =
(4.8)
γM1
When a member is also subjected to bending moments (which is adding longitudinal
normal stresses to the zone affected by a concentrated load) the following criteria
should also be satisfied (Eq. 4.9):
Msd
Fsd
+
≤ 1, 5
Ra·Rd
Mc·Rd

(4.9)

There are no distinct limits for the slenderness of the web plate when either local yielding (crushing) or local buckling (crippling) becomes governing, instead both capacities
have to be checked (and the lowest will of course give the design resistance).
If the capacity with respect to a concentrated load was restricted to either local
yielding or local buckling for girders subjected to bending (i.e. where the concentrated
load is transferred to the supports by shear forces), it is another instability criterion
that has to be checked when the load is positioned directly over a support (i.e. when
no shear forces are present) (Fig. 4.17).
The web plate will in this case behave more or less as an “Euler strut’’, having a
global buckle over the entire depth of the web (some restraining effect coming from
flanges though) (Fig. 4.18).
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Figure 4.17 Concentrated loads that do not produce shear.

Figure 4.18 Overall buckling in the web due to a concentrated load transmitted directly through
the web.

The design buckling resistance is calculated for a compression member, with an
effective breadth at mid-depth equal to (Eq. 4.10):
beff =

h2 + s2s

(4.10)

At the value of the stiff bearing length (ss ) equal to zero, the effective breadth will be
equal to the depth h of the girder, i.e. with a distribution of 45◦ from the load application point to mid-depth. At increasing value of ss , the spreading will, however, decrease.
An instability phenomenon that resembles this global buckling behaviour – but is
not caused by a concentrated load – are girders with deep and slender webs being
subjected to bending from an evenly distributed load. A FE-analysis of such a girder
would show global buckling of the entire web plate. We do take the opportunity here
to study a girder, having the shape according to Fig. 4.19.
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Figure 4.19 Elevation and cross-section of an I-girder used in the analysis to follow.

Figure 4.20 FE-analysis of the I-girder, showing the global buckling of the web.

The critical value of the evenly distributed load (qcr ) – with respect to global buckling
of the web – will, according to a FE-analysis, be 143.2 kN/m, having a buckling mode
shown in Fig. 4.20.
The global and extended web buckle in the major part of the span will have a wave
length (read: buckling length) in the vertical direction equal to 0.6–0.7·d (Fig. 4.21).
We study a unit width of 1.0 meter in the longitudinal direction of the web plate, and
calculate the critical buckling load according to the Euler theory (Fig. 4.22), (Eq. 4.11):
qcr =

π2 · EI
1
·
L2cr
(1 − υ2 )

≥

π2 · 2.1 · 108 ·



1000·83
12



· 10−12

(0.7 · 1200 · 10−3 )2

= 137.7 kN/m

·

1
(1 − 0.32 )
(4.11)
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Figure 4.21 The free buckling length, Lcr , of the web.

Figure 4.22 The critical buckling load is found by studying a unit width of 1.0 meter.

A result that correlates very well with the result of the FE-analysis!
In the current Eurocode (EN 1993-1-5: 2006) the design resistance, FRd , to
local buckling under a transverse load in between two supports of a girder without
longitudinal stiffeners is given to (Eqs. 4.12–4.20):
FRd =
fyw
Leff

fyw · Leff · tw
γM1

(4.12)

yield strength of the web
effective length
Leff = χF · ly

(4.13)
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χF

reduction factor
χF = 0.5/λF (≤ 1.0)

λF

slenderness parameter
λF =

ly

ss
tf

(4.14)

(ly · tw · fyw )/Fcr

effective loaded length (≤a)
√
ly = ss + 2 · tf · (1 + m1 + m2 )

(4.15)

(4.16)

length of stiff bearing
thickness of the flange

m1

(fyf · bf )/(fyw · tw )

fyf
bf
tw

yield strength of the flange
width of the flange
thickness of the web

m2

0.02 · (hw /tf )2

(4.17)

(4.18)

(if λf ≤ 0.5 then m2 = 0)
hw
Fcr

depth of the web
critical buckling load
3
/hw
Fcr = 0.9 · kF · E · tw

kF

buckling coefficient
kF = 6 + 2 · (hw /a)2

a
E
γM1

(4.19)

(4.20)

distance between vertical stiffeners
modulus of elasticity
partial factor (instability)

The combined effect of a transverse load (on a compression flange) and bending
moment has to be verified by the following interaction criterion (Eq. 4.21):
FEd
MEd
+ 0.8 ·
≤ 1.4
FRd
Mpl,Rd

(4.21)

where:
Mpl,Rd design plastic resistance of the cross-section consisting of the effective area of
the flanges and the fully effective web irrespective of its section class.
Even if the normal procedure in bridge engineering is to attach vertical web stiffeners
wherever concentrated loads are present (despite calculated design resistance of the
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Figure 4.23 The launching procedure in 2003 of a truss bridge in Mexico.

Figure 4.24 Local buckling directly over the launching pad in the lower part of the web.

unstiffened web), it is in some cases not practical. When the chosen erection method is
launching of the entire bridge over a sliding pad, the reaction force F will continuously
move along the lower part of the web plate. This web plate will thus be subjected to a
concentrated load in every position, which is a potential (local) buckling risk during the
entire erection phase. As a 102 meter long truss bridge was to be launched out into its
final position in 2003 in Mexico, they experienced this particular problem (Fig. 4.23).
The bridge was, during the erection, temporarily elongated with a so-called launching nose in order unload the truss as soon as the nose bridge reached to the other end.
To a beginning the launching proceeded without problems; however, all of a sudden
a buckle did appear in the lower half of the web plate of the lower chord. The actual
weight on the launching pad was at the time approximately 500 tons. In the photo
above (Fig 4.24) the buckle is seen in the lower region of the chord, over the right
hand part of the launching pad. The upper part of the chord is partly concealed by a
secondary longitudinal beam (the one having studs attached to its upper flange).
The lower chord of the truss had a closed box section, with three web plates
(Fig. 4.25).
This box-girder profile had to – besides carry the concentrated load of 500 tons – also
carry the additional axial normal force (compression) from the cantilevering action.
In addition, there was also a local bending moment due to the transverse loading in
between the supports (read: the joints of the truss) (Fig. 4.26).
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Figure 4.25 Cross-section of the lower chord.

Figure 4.26 Local bending moments in the lower chord due to the introduction of the concentrated
load (from the launching pad) in between the joints of the truss.

Figure 4.27 Extra cover plates were added to the exterior web plates of the lower chord.

All of these effects taken together became too much for the vertical web plates to
carry, which buckled under the combined compression from concentrated load, normal
axial force, and local bending moment.
After necessary steps were taken to restore the web plates into their original state
(either by mechanical straightening or flame straightening), the girder was strengthened
by adding an extra cover plate to the exterior webs. The launching process was then
again resumed, now without any further problems (Fig. 4.27).
If this truss bridge in Mexico was an example of local buckling (crippling) of a web
subjected to a concentrated load, the 2nd Narrows Bridge in Vancouver, Canada, was
an example of global web buckling. This particular bridge, that was a continuous
truss bridge, collapsed in 1958 during construction. The reason for the collapse was
buckling of the web of a temporary girder that was not an actual part of the structure,
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Figure 4.28 The support of the temporary vertical erection bent used for the 2nd Narrows Bridge.

Figure 4.29 Elevation of the secondary girder supporting the erection bent.

instead this secondary girder had the function to carry a vertical erection bent (read:
temporary support) for the cantilevering truss span during erection (Fig. 4.28).
This erection bent had the function to temporarily unload the superstructure by
decreasing the maximum span length of the cantilever, and the secondary girder below
supported this erection bent (Fig. 4.29).
The girder was a rolled standard profile (36WF160), and had a cross-section
according to Fig. 4.30.
As the girder was not stiffened in the load application points (i.e. in the two positions
directly over its supports), the web buckled when the loading from above became too
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Figure 4.30 Cross-section of the secondary girder.

Figure 4.31 As the web of the secondary girder buckled the erection bent failed and the supported
truss above collapsed.

much for the web to carry. As the web of this secondary (and temporary) member did
buckle, it also meant the entire collapse for the cantilevering truss, as well as for the
span lying behind (Fig. 4.31).
Too much of the concentration was focused up above on the huge trusses, that they
forgot to stiffen the web of the “negligible’’ girder down below. A couple of simple
web stiffeners, on both sides of the web at the load application points, should have
avoided this collapse (Fig. 4.32).
The Eurocode describes how to design vertical web stiffeners. The stiffeners, and a
part of the web plate, are considered as a homogeneous compression member that is
checked with respect to global buckling in the transverse lateral direction, i.e. in the
out-of-plane direction relative the web plate (Fig. 4.33).
The buckling length of this compression member shall be chosen with respect to the
lateral and rotational restraint at the flanges, however, not less than 0.75 · d. Besides
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Figure 4.32 Some small and simple stiffeners in the secondary girder web would have prevented the
collapse.

Figure 4.33 Out-of-plane buckling model of a stiffened web plate.

checking the global buckling resistance of the member, local buckling (crippling) and
local yielding (crushing) should also be checked.

4.4 Shear buckling
A simply supported girder is a statically determinate structure, however, with respect
to the inner mode of action, regarding how the load is transferred by shear, the system
is statically indeterminate. And just as the case was for normal stress buckling (and
in a way also for concentrated loads), the girder has a post-critical reserve strength
that enables for additional loading after that shear buckling has occurred. The ability
to redistribute load, and finding alternative load-paths, is especially apparent, as it is
connected to an intuitive understanding of the behaviour of structures in general. We
can start by studying a simply supported I-girder having three web panels (the areas
in between the vertical stiffeners), symmetrically loaded with two equally large point
loads (Fig. 4.34).
For the continued discussion we transform this I-girder into an equivalent truss (statically determinate, however, with respect to the inner system, statically indeterminate)
(Fig. 4.35).
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Figure 4.34 Moment and shear distribution of a simply supported I-girder having two symmetrically
positioned, and equally large point loads.

Figure 4.35 The I-girder transformed into an equivalent truss.

Figure 4.36 A Queen Post truss system having dominating compression.

From this equivalent truss, we could distinguish two separate Queen Post trusses –
one having dominating compression (Fig. 4.36), and a reversed (mirror-wise), having
dominating tension (Fig. 4.37).
Due to the symmetrical loading, the diagonals in the mid panel become inactive (also
check the shear force diagram in Fig. 4.34).
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Figure 4.37 A Queen Post truss system having dominating tension.

Figure 4.38 The compression and tension flow in an I-girder is similar to that of an equivalent truss.

Figure 4.39 Along the compression flow there is a potential risk of different kinds of buckling to occur.

To return to the simply supported I-girder that we started with, so is the function
for the same (with or without vertical stiffeners) principally a combination of the two
separate Queen Post trusses (Fig. 4.38).
The fact is that the I-girder web is even more similar in action to a truss (i.e. with
diagonals in tension and compression) having the vertical stiffeners in place.
With respect to instability, there is a potential buckling risk all along the compression
“parabola’’, just as the case was for the up-right standing Queen Post truss, where
every member in compression also could buckle. Between the point loads (in the area
where the flanges were having a constant normal force) we find the normal stress
buckles in the upper half of the web (compare section 4.2), and closer to the supports –
where the shear force has its maximum – we find diagonal shear buckles. Both buckling
types have occurred due to an insufficient capacity of the thin-walled web plate to be
compressed along the path of compression (Fig. 4.39).
The diagonal shear buckles tend to be elongated in the tension direction, due to
that the free width is larger there. This can initially seem a little strange, but if one
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accepts the fact that it is the loaded width that is the governing parameter with respect
to buckling – and not the length – it is more easily understood. The buckle is quite
simply forming itself in the less rigid zone.
The critical buckling stress with respect to pure shear loading (see Fig. 4.40), for
a web panel (i.e. the free area, with the length a, between two vertical stiffeners),
becomes (Eq. 4.22):
τcr = kτ ·

π2 · E
12 · (1 − υ2 ) ·

 2

(4.22)

d
t

The buckling coefficient depends on the panel aspect ratio a/d (compare Fig. 2.13)
(Eqs. 4.23, 4.24):
4
kτ = 5.34 +  2
a
d

5.34
kτ = 4 +  2
a
d

a
d
a
d



≥1



≤1

(4.23)

(4.24)

Just as we have learnt to understand by the truss analogy, the shear forces will cause
one diagonal in tension, and one in compression (Fig. 4.41).

Figure 4.40 The buckling mode of a shear panel.

Figure 4.41 The action of a shear panel is more or less similar to that of a truss.
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The shear deformation tends to transform the rectangular plate into a parallelogram,
due to the shortening of the compression diagonal, and the elongation of the diagonal
in tension (Fig. 4.42).
This shear deformation model will give us the chance to remind ourselves of the
mode of action of the inner statically indeterminate truss. The diagonal that goes to
the upper left corner, in the left-hand panel of the truss, is holding up the elongation
of the panel – and the transverse diagonal, that goes to the lower left corner, i.e.
the support, is holding up the compression. Should either one of these diagonals be
damaged – e.g. the diagonal in compression (due to buckling for example) – would the
truss (read: the panel) still be able to carry the loading (read: the diagonal in tension
would now carry all the force alone). The inner statical system has gone from statically
indeterminate to statically determinate (Fig. 4.43).
However, would also the diagonal in tension for some reason be damaged (e.g.
through a hit damage), then the system will be a mechanism, and the entire truss
would collapse (Fig. 4.44).
With reference to truss diagonals in tension or compression, we could here very
shortly refer to some structures that we have discussed before. In the section regarding
the Britannia Bridge it was mentioned about a patented truss bridge system (Pratt),
where the diagonals were positioned in such a way that they always were in tension (as
the bridge was loaded), and this meant that the bridge weight was kept to a minimum,
as the diagonals not had to be designed for a possible buckling risk. And in the last
section regarding concentrated loads, there was a discussion about the launching of a
truss bridge in Mexico. Due to the reversed loading situation for the diagonals during
erection (in relation to the action of the same for the final and simply supported bridge),

Figure 4.42 The resulting deformation of a shear panel.

Figure 4.43 If one of the diagonals in an end panel is lost the truss is still functioning (given that the
alternative load path – in this case the tension diagonal – is sufficiently strong).
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Figure 4.44 If both the diagonals in the end panel are lost then the truss becomes a mechanism and
collapses.

the diagonals had to be braced, as they became subjected to compression during the
launching, instead of being in tension as they would be for the final bridge (compare
Fig. 4.23).
But let us resume to the discussion above for an inner statically indeterminate truss.
The capacity to carry load in two alternative load-paths is exactly how the action in
I-girders are assumed to be in the tension field method, with respect to shear loading.
The maximum capacity in the ultimate loading state consists of two parts – first a part
that is governed by the shear buckling strength (read: the diagonal in compression),
and then a second (post-critical) part that is represented by the diagonal in tension.
The first contribution to the shear buckling resistance (and also the part that collapses
first – in the sub-critical range) is given by the expression:
V = τcr · d · t
To this capacity we have to add the post-critical reserve strength (read: the capacity of
the tension field, going in the opposite direction of the compressions diagonal), and
in order to find the maximum value of this second contribution, we study the possible band width g of the tension field, in a web panel having the length a, given a
certain anchorage length s in the tension flange (index t) and in the compression flange
(index c) (Fig. 4.45), (Eq. 4.25):
g = d · cos ϕ − (a − sc − st ) · sin ϕ
g
d
ϕ
θ
a
sc
st

(4.25)

width of the tension field
depth of the web plate panel
inclination of the tension field (θ/2 ≤ ϕ ≤ θ)
slope of the panel diagonal (i.e. arc tan d/a)
length of the panel
anchorage length in the compression flange
anchorage length in the tension flange

The inclination ϕ of the tension field varies between the values θ/2 and θ. The minimum
value is for the case when the flanges already are fully utilized in carrying a bending,
and thus have no capacity left to, in addition, anchor a tension field (i.e. s = 0). The
maximum value is for the case when the flanges are, to their full length (i.e. s = a), active
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Figure 4.45 Possible band width, g, of a tension field in a shear panel.

in anchoring a tension field (read: complete tension field condition). The maximum
value for the design shear buckling resistance in a given panel is found by iteration,
in order to find the optimum inclination of the tension field between the limits. As
an approximation, that is on the safe side, is ϕ = θ/1.5. The tension field theory is
only applicable for I-girders where the panel aspect ratios of the girder lie within the
limits of 1 ≤ a/d ≤ 3 – outside these limits the tension field theory is not valid. Besides
that the tension field is anchored to the upper and lower flange, it is also anchored to
the vertical stiffeners. These have then to be designed to carry this additional vertical
reaction force they are subjected to (i.e. the vertical component of the tension field
force). Just as a vertical stiffener under a concentrated load, the vertical stiffeners that
are anchoring a tension filed have to be checked for the global buckling risk (i.e. outof-plane buckling – relative to the web plate – in between the flanges). With respect
to maximum possible anchorage length to the flanges (sc and st ), so is this length
governed by a plastic hinge mechanism, where the plastic resistance moment of the
flange is determining the possible anchorage length.
We study the part of the tension field that is anchored to the upper flange (Fig. 4.46),
(Eqs. 4.26–4.28):
R = σbb · s · sin ϕ · t · sin ϕ
Mpl + Mpl = R ·

⇒

s=

2
·
sin ϕ

s
2
Mpl
σbb · t

(4.26)
(4.27)

(4.28)

The plastic hinge, at the distance s from the corner, has by definition a shear force
equal to zero. The maximum moment in the “span region’’ is, according to the bending
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Figure 4.46 The capacity to anchor the tension field in the flange(s) is governed by the bending stiffness
of the same.

theory, also found where the shear force (∂M/∂x) is zero or changing sign. One way
of looking at it is to accept the fact that all loads in the (truss) diagonal have to be
attached to the (truss) joint.
s
ϕ
Mpl
Wpl
bf
tf
σbb
t

anchorage length in the flange
inclination of the tension field
plastic resistance moment of the flange (Wpl · fy )
plastic section modulus of the flange (bf · tf2 /4)
flange width
flange thickness
strength of the tension field (obtained from a yield criterion)
thickness of the web plate

The plastic resistance moment of the flange has to be reduced allowing for a longitudinal force (from a bending moment or an externally applied axial force). The
unreduced value above (Mpl = Wpl · fy ) is only used for the case of pure shear. The
maximum capacity of the tension field (σbb ) is given when full yielding over the band
width g is reached. This strength was defined in the Eurocode (the first version of the
prestandard) to (Eqs. 4.29, 4.30):
σbb =

2 + ψ2 − ψ
fy2 − 3 · τcr

(4.29)

where:
ψ = 1, 5 · τcr · sin 2ϕ

(4.30)

In the final stages, when the compression diagonal has buckled, and the tension
field has reached full yielding (and the flanges have collapsed in their plastic hinge
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Figure 4.47 Collapse mode of a panel in shear.

mechanism), a compressed and considerably elongated buckle is formed along the
tension field band (Fig. 4.47).
In order for the expression of the maximum possible anchorage length s in the flanges
should be valid for an end panel – especially in the region where the tension field is
anchored to the upper flange – it is required that the girder end is supplied with a
double end post (Fig. 4.48).
In this way, a “continuity’’ is made for the upper flange over the inner stiffener
(just as for the inner panels), which enables for the forming of a full plastic hinge.
Without the extra stiffener at the end, the flexibility of the upper flange would reduce
this capacity. Also the anchorage of the tension field to the vertical stiffener is gaining
on this configuration, as the horizontal strength of the stiffener (over the support)
is increasing. The rigid end post is acting as a short beam, resisting the horizontal
component of the tension field band (Fig. 4.49).
When we finally have calculated the load-carrying capacity of the post-critical reserve
effects (read: the capacity of the tension field), we add this to the shear buckling

98

Plate buckling in bridges and other structures

Figure 4.48 A double end post increases the shear buckling capacity.

Figure 4.49 The double end post is acting as a short beam resisting the horizontal component of the
inclined tension field.

capacity (read: the sub-critical strength), in order to receive the design shear buckling resistance in the ultimate limit state (having used all the capacity of both the
compression diagonal and the tension diagonal) (Eq. 4.31):

Vbb·Rd =

τcr · d · t + 0.9 · (σbb · g · t · sin ϕ)
γM1

(4.31)

In the Eurocode (the first version of the prestandard), the maximum possible capacity
of the tension field was reduced to 90% of the calculated maximum value. Two design
methods were also given:
–

–

The simple post-critical method. In order to calculate the design shear buckling
resistance (Vba·Rd ), an enhanced value for the shear strength is used, as a mean
value of the shear buckling strength and the tension field strength taken together.
The tension field method (Vbb·Rd ).
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Figure 4.50 Combined shear/bending moment relationship;V sd ≤ 0.5 ·Vbw · Rd .

For panels having a combined loading of shear and bending moment (which is
normally the case), the following three criteria should be satisfied (depending on the
magnitude of the design shear force):
Vsd ≤ 0.5 · Vbw·Rd
The shear force does not exceed 50% of the web only shear buckling resistance, i.e.
when the design shear buckling resistance is calculated having the tension field only
anchored to the vertical stiffeners, not to the flanges (i.e. sc = st = 0). The inclination of
the tension field is θ/2. The design bending moment resistance needs not to be reduced
to allow for the shear force (Fig. 4.50).
0.5 · Vbw·Rd ≤ Vsd ≤ Vbw·Rd
The shear force exceeds 50% of the web only shear buckling resistance, but not 100%
of the same. When the bending moment exceeds the flange only bending moment
resistance Mf ·Rd – i.e. the bending moment capacity of the girder, consisting of the
flanges only (neglecting the contribution from the web) – the following criterion should
also be satisfied (Eq. 4.32):

2 
2 · Vsd
Msd ≤ Mf ·Rd + (Mpl·Rd − Mf ·Rd ) · 1 −
(4.32)
−1
Vbw·Rd
where Mpl·Rd is the design plastic resistance moment of the gross section, i.e. without
considering any local buckling risk giving an effective cross-section (Fig. 4.51).
Vsd ≥ Vbw·Rd
The design shear buckling resistance is calculated with respect to the complete tension
field method (i.e. Vbb·Rd ), where the combined effect of shear and moment is considered
in the maximum possible anchorage length in the flanges (Fig. 4.52).
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Figure 4.51 Combined shear/bending moment relationship; 0.5 ·Vbw·Rd ≤Vsd ≤Vbw·Rd .

Figure 4.52 Combined shear/bending moment relationship; V sd ≥Vbw·Rd .

Figure 4.53 Longitudinal stiffeners increase the shear buckling strength.

We have until now only discussed shear panels without longitudinal stiffeners, but
often have such stiffeners to be considered. In simply supported bridge girder spans, the
mid-span region are normally having horizontal (longitudinal) stiffeners in the upper
part where the girder is subjected to compression from the bending moment (compare
section 4.2), and these stiffeners are having a positive effect on the shear buckling
strength (Fig. 4.53).
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Figure 4.54 Diagonal stiffeners – following the compression flow in end panels – are especially efficient.

For these longitudinally stiffened panels, an enhanced value of the shear buckling
coefficient can be calculated (Eqs. 4.33, 4.34):
4
2.1
kτ = 5.34 +  2 +
·
a
t

3

d

5.34 2.1
·
kτ = 4 +  2 +
a
t
d

3

Ist
d

Ist
d

a
d
a
d



≥1



≤1

(4.33)

(4.34)

where Ist is the second moment of area of the longitudinal stiffener with respect to
bending (buckling) in the out-of-plane direction relative to the web plate.
With respect to the end panels, which are subjected to more or less pure shear – and
where longitudinal stiffeners are not needed due to low bending moments – one could
consider diagonal stiffeners (just as Jourawski did suggest for the Britannia Bridge
once). The optimal position of such a stiffener would be in the compression diagonal,
such that this stiffener – and the longitudinal stiffeners – is more or less following the
compression flow (Fig. 4.54).
A stiffener in the tension diagonal would not be as efficient, even if it is close at hand
to believe so as the elongated buckle is orientated along this diagonal – the buckling
would instead occur on either side of such a stiffener. The buckling coefficient for a
square web panel (i.e. with a/d = 1), with or without diagonal stiffener, is:
9.34
11.4
30

without a stiffener
a diagonal stiffener in the tension diagonal
a diagonal stiffener in the compression diagonal

As to determine the shear force capacity of slender webs, the first version of the prestandard (ENV) contained the full use of the tension field method (as it also has been
presented here up to this point), however, for design purposes it has, most evidently,
shown a little bit too complicated. The Eurocode has therefore been adapted in order
to meet these needs. The expressions to use, and which are also to be presented in
the following, simplifies the design process a great deal, however, the shear buckling
phenomenon is somewhat hidden, which is unfortunate.
The design resistance, of a slender web taking shear buckling into account, Vb,Rd ,
according to the current version of the Eurocode (EN 1993-1-5: 2006) (Eq. 4.35):
Vb,Rd = Vbw,Rd + Vbf ,Rd ≤

η · fyw · hw · t
√
3 · γM1

(4.35)

102

Plate buckling in bridges and other structures
Table 4.1 The shear buckling factor, χw , as a function of the slenderness parameter.

λw < 0.83/η
0.83/η ≤ λw < 1.08
λw ≥ 1.08

Vbw,Rd
Vbf ,Rd
η
fyw
hw
t
γM1

Rigid end post

Non-rigid end post

η
0.83/λw
1.37/(0.7 + λw )

η
0.83/λw
0.83/λw

contribution from the web
contribution from the flanges
1.20 for steel grades ≤ S460
1.0 for steel grades > S460
yield strength of the web
depth of the web (earlier denoted d, could also be denoted bw )
thickness of the web
partial factor (instability)

The contribution from the web is given by (Eq. 4.36):
Vbw,Rd =

χw · fyw · hw · t
√
3 · γM1

(4.36)

The shear buckling factor, χw , is governed by a slenderness parameter (Eq. 4.37):
λw = 0.76 ·

fyw
τcr

(4.37)

Besides being governed by the critical shear buckling stress, τcr (a lowered critical
buckling stress value increases the slenderness parameter – the opposite for the yield
stress), the shear buckling factor is also a function of the stiffeners surrounding the
shear panel. For example do rigid end posts at the supports increase the capacity of
the end panel to carry shear (read: increase the coefficient χw ), at least for higher
slenderness values (Table 4.1).
The contribution from the flanges (given that the flanges are not fully utilized in
resisting the bending moment alone, i.e. MEd < Mf ·Rd , where Mf ·Rd is the flange only
moment of resistance) (Eq. 4.38):
Vbf ,Rd =

bf · tf2 · fyf
c · γM1


· 1−

MEd
Mf ,Rd

2 

where:
bf , tf width and thickness of the flange which provides the least axial
resistance (the width of the flange should also be limited to 15 · ε · tf
on each side of the web).  = (235/fy )0.5
fyf
yield strength of the flange

(4.38)
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anchorage length in the flanges of the tension field
(compare pages 94–97)
partial factor (instability)
design bending moment
flange only bending moment of resistance Mf ,Rd = Mf ,k /γM0 .
If there is an axial force present, the flange only bending moment of
resistance should be reduced.
partial factor (resistance of cross-sections)

The anchorage length, c, is equal to (Eq. 4.39):

c = a · 0.25 +

1.6 · bf · tf2 · fyf


(4.39)

t · h2w · fyw

where a is the distance between the vertical stiffeners.
The effect from longitudinal stiffeners (in between the vertical stiffeners) is an
increase of the buckling coefficient kτ (Eqs. 4.40–4.42):
kτ = 5.34 + 

4
a
hw


2 + kτst

5.34
kτ = 4 +  2 + kτst
a
hw





a
≥1
hw

(4.40)


a
≤1
hw

(4.41)

where:

kτst = 9 ·

hw
a

2 
·

Isl
t 3 · hw

3/4

2.1
≥
·
t



Isl
hw

1/3 
(4.42)

Isl = the second moment of area (in the out-of-plane direction relative to the web plate)
of the longitudinal stiffener.
(compare page 101)
The critical buckling stress – for a panel having a longitudinal stiffener – should not
be taken less than for the largest subpanel (i.e. the largest part of the web above or
below the longitudinal stiffener).
If the design shear force, VEd , exceeds 50% of the web only shear buckling resistance, Vbw,Rd , and the design bending moment, MEd , exceeds the flange only bending
moment of resistance, Mf ,Rd , then the following interaction criterion should be satisfied
(compare pages 99–100) (Eqs. 4.43, 4.44):


Mf ,Rd
η1 + 1 −
· (2η3 − 1)2 ≤ 1.0
Mpl,Rd

(4.43)
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Figure 4.55 An already present out-of-plane imperfection will “breathe’’ back and forth as the web
plate is subjected to repeated shear loading.

where:
η1 = MEd /Mpl,Rd

(4.44)

Mpl,Rd is the design plastic resistance of the cross-section of the effective area of the
flanges and the fully effective web irrespective of its section class;
Mpl,Rd = Wpl · fy /γM0

(4.45)

η3 = VEd /Vbw,Rd

(4.46)

The interaction criterion above does not have to be verified in sections located at a
distance less than hw /2 from a support with vertical stiffeners.
Web breathing
As a bridge over from the shear buckling risk (in the compression diagonal) to a special
kind of problem in the tension field diagonal, the phenomenon of web breathing is
worth mentioning. As the approach in the modern codes, with respect to maximum
load-carrying capacity of thin-walled plated structures (taking post-critical reserve
effects into account, have become more and more up-to-date with the full knowledge
regarding the buckling behaviour, the plates have also become thinner. Due to a much
greater knowledge regarding the static behaviour of structures with respect to different
local instability phenomenon, which is reflected in the design, there is on the other hand
a possible risk that other types of problems do occur. The local instability problem is
treated in a correct and optimal way, however, the fatigue problem due to the tension
loading tends to be more complex and difficult to handle. We consider an unstiffened
web panel having initial imperfections, and being subjected to repeated loading (e.g.
from the passing of trains on a railway bridge). An already existing small out-of-plane
curvature of the web plate will bend even more as the loading is introduced (Fig. 4.55).
The shear loading coming from the train will be added to the shear loading due
to self-weight of the bridge itself, which give us the shear stress range τr (i.e. the
difference between the two). It could very well be a matter of small loads in relation
to the maximum load-carrying capacity (in the diagram below this particular action is
enlarged for the sake of understanding) (Fig. 4.56).
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Figure 4.56 Shear loads well below the maximum load-carrying capacity could produce large out-ofplane deflections back and forth.

Figure 4.57 Cracks are eventually formed where the web plate is fixed (and where the combined effect
of tension and local bending is the highest).

This back and forth out-of-plane deflection of the web plate can – if the number
of loading cycles is large enough – cause fatigue cracking, even if it is, for the naked
eye, a matter of small “web breathing movements’’. The fatigue cracks that have been
observed in shear panels (i.e. panels with dominating shear), have been located where
the tension field is anchored to the flange and the vertical stiffener (Fig. 4.57).
The cracks are initiated at the weld toe – on the opposite side of the web plate
relative to the direction of the deflection – due to the combined effect of weld defects,
residual stresses, and fluctuating bending and normal stresses. The cracks propagate
through the thickness of the web plate and also along the weld itself, and if they are
left unattended the load-carrying capacity could be reduced, as the anchorage of the
tension field becomes decreased. If the cracks are growing in contact with each other –
across the corner of the panel – the capacity of the entire tension field is gone.
Similar cracks have also been discovered in mid-span region panels having dominating bending moment, however, in this case caused by back and forth deflection of
normal stress buckles. These types of cracks have – due to the nature of the loading –
only been observed in the intersection between the web plate and the compression
flange, because of the position of the buckles.

Chapter 5

Shell buckling

5.1 Introduction
In structural engineering there is one particular cross-section that definitely is more
optimal than others, and that is the shell. A shell, that either could be of single curvature or double curvature shape, is the most optimal form when it comes to carrying
compression forces in its membrane, and it is the shape itself that stabilizes against
buckling. There are two principal ways a single curvature shell can carry load, and
that is either in the longitudinal direction (for axial loading), or in the transverse direction (for an evenly distributed, externally applied pressure – alternatively, an internally
applied suction) (Fig. 5.1).
If the loading of a shell is coming from an internally applied pressure, the membrane
becomes subjected to tension, instead of compression. An example of such a pressure
vessel – where the tension force in the membrane was accidentally reversed to compression, and because of this, buckling of the shell did occur (as the same was not
designed to carry such loading) – was the butane gas train carriages that “imploded’’
1976 in France. Twenty carriages had been emptied on their content (the butane gas)
in the south of France, near Marseille, at a temperature of +18◦ C, and were thereafter
transported to the German border in the north. At the time of the arrival, the temperature had dropped to −24◦ C, an extremely low temperature for French weather
conditions it must be admitted, however, still quite possible as it was in January. Even
though that the carriages had been emptied on their content, they still contained some

Figure 5.1 A single curvature shell can carry load either in the longitudinal (axial) or transverse
direction.
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remaining gas, which did condensate as it was cooled off. This considerable cooling,
and the subsequent condensation, led to a sub-pressure of the shell containers, which
they had not been designed for. The compression forces in the membrane became too
much for the shells to carry, and they just collapsed (inwards) (Fig. 5.2).
This surprising incident did show the following; first of all that a shell must be
designed to carry the compressive forces it is (by extraordinary loading or not) going to
be subjected to, and secondly, that buckling of a shell is a very sudden and collapse-like
phenomenon.
We shall in the following concentrate on cylinders (i.e. single curvature shells), where
the dominating load is axial compression, and such profiles are common in bridge
engineering constructions because of their optimal characteristics. If we consider a
compression diagonal in a truss bridge, then a hollow circular section has the advantage
that the (global) buckling resistance is equally large in all directions. In addition, the
wind resistance is low, the surface area is minimized (reduced maintenance and painting
costs, and the aesthetics is higher relative other standard rolled profiles. However,
a certain consideration has to be made in the design of cylinder profiles, and that is to
put extra care in treating the local buckling risk.
Historically, this local buckling risk has been treated with great success, and there
are many impressive bridges using tubular sections. Royal Albert Bridge, over the
river Tamar at Saltash in the south-west of England, was built by Isambard Kingdom
Brunel in 1859. This epoch-making bridge has two centre spans of 140 meters each,
and these spans have an upper arch-shaped compression chord of a closed tube section,
that interacts with a lower “chain link bar’’ in tension. The simplified static behaviour
that was discussed in section 4.4 with respect to I-girders is used by its pure form in
this bridge. The effect of the combined local and global buckling risk is really shown

Figure 5.2 The unexpected implosion in 1976 of some train carriages in France.
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on the upper chord dimension, which has become extremely huge in comparison to
the lower chord (where no instability considerations had to be made as it is subjected
to tension only) (Fig. 5.3).
Another, and equally as epoch-making tubular bridge, is the railway bridge over the
Firth of Forth, just north of Edinburgh in Scotland (Fig. 5.4).

Figure 5.3 The Royal Albert Bridge at Saltash.

Figure 5.4 The Forth Bridge.
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This cantilevering girder bridge that was built in 1890 became the longest bridge
in the world. The centre spans consist of two huge cantilevers, each 207 meters long,
supporting a suspended mid-section of 107 meter, making up a total span length of
521 meters. At the time when the bridge was to be constructed, the designers had
to follow the strict regulations that stipulated that the maximum stress was not to
exceed one fourth of the strength of the steel material, irrespective of the stress being
in tension or compression. The bridge was given its huge dimensions not only due
to this demand, but also because of the Tay Bridge disaster some ten years earlier.
The railway bridge over the Firth of Tay did collapse during a gale in late December
1879, and this incident hade a great impact on the stability requirements and the
load-carrying capacity of bridges to come.

5.2 Theory
The elastic critical buckling stress of an ideal and perfect cylinder, axially loaded with
an evenly distributed compression load, is equal to (Fig. 5.5) (Eq. 5.1):
σcr =

1
3 · (1 −

υ2 )

·E·

t
t
= 0.605 · E ·
r
r

(5.1)

(with υ = 0.3 for steel)
As a comparison between the load-carrying capacity of a cylinder, and that of a plate
and a strut, we consider a rectangular aluminium plate (having a width of 204 mm,
a height of 150 mm, and a thickness of 0.18 mm) that is subjected to an evenly
distributed axial load (Fig. 5.6).
If only the loaded edges are supported, we regard the plate as a strut, for which we
can calculate the critical (global) buckling load (Eqs. 5.2, 5.3):
σcr =
⇒

π2 · E
12 · (1 − υ2 ) ·

 150 2 = 0.093 MPa

(5.2)

0.18

Pcr = 0.093 · 204 · 0.18 = 3.4 N

(with E = 70,000 MPa and υ = 0.33 for aluminium)

Figure 5.5 An axially loaded cylinder.

(5.3)
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If also the unloaded edges are supported, we have, by definition, a plate, which has
a critical buckling stress equal to (Eqs. 5.4–5.6):
σcr = 4.39 ·

with k =
⇒

π2 · E
12 · (1 − υ2 ) ·

204 150
+
150 204

 204 2 = 0.221 MPa

(5.4)

0.18

2
= 4.39

Pcr = 0.221 · 204 · 0.18 = 8.1 N

(5.5)
(5.6)

However, if we fold the plate together into a closed cylinder, having a diameter of
65 mm (204/π) – similar in shape to that of a beer can – the critical buckling stress
will increase dramatically (and so will the critical load) (Fig. 5.7) (Eqs. 5.7, 5.8).
σcr =

1
3 · (1 −

υ2 )

·E·

t
= 237.1 MPa
r

Figure 5.6 An axially loaded simple plate.

Figure 5.7 The transformation of the plate into a closed cylinder.

(5.7)
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⇒

Pcr = 237.1 · 204 · 0.18 = 8707 N

(5.8)

The theoretical load-carrying capacity (with respect to buckling) has, as a consequence
of the transformation of the aluminum foil from a plate (and a strut) to a cylinder, increased from less than a kilogram to almost 900 kg (!). And if we had made
two cylinders of the plate (with a diameter of 32.5 mm each), the capacity would
have been doubled (as the critical buckling stress increases linearly to the decrease in
slenderness r/t). There are, however, two considerations to make for the cylindrical
shell. First of all the fact that the critical buckling stress markedly (to say the least)
exceeds the yield strength of about 30 MPa, and secondly that the classical buckling theory also markedly overestimates the load-carrying capacity of true structures,
as the effect of initial imperfections have a large reducing influence, especially for
cylinders having a large slenderness. We will come back to the actual design of true
cylinders further on in this section, however, first we will concentrate on the actual
behaviour of the cylinder, trying to disentangle why there is such a large difference in
results between the load-carrying capacity of a cylinder in relation to that of a strut
or a plate.
If a plate did show its post-critical reserve behaviour after buckling had occurred,
the similar stabilizing forces has already been used before buckling of axially loaded
cylinder shells. For plates, transverse membrane forces in tension did stabilize the
buckle and made it possible for additional loading in the post-critical range. However,
for a cylindrical shell, the membrane is not only stabilized by transverse tension forces,
but also by transverse compression forces. It is the circular form of the cylinder that
enables this optimal ability of alternating stabilization of the membrane, and it is also
the explanation why a shell is able to carry such extreme loading, at least according
to the theory.
If we consider a strip in the longitudinal direction of the cylinder, it is consequently stabilized by forces in the circumference direction that either are in tension
or compression depending on the possible buckling direction (Fig. 5.8).
As the critical buckling stress is reached, these stabilizing forces in the transverse
direction are already used to the full, which has the effect that there is no additional
reserve strength to consider (as is the case for plates), instead the ultimate load is
followed by a sudden and instant collapse (note that the deflection on the horizontal

Figure 5.8 Stabilizing membrane forces in the transverse circumferential direction.

Shell buckling

113

axis is in the longitudinal direction of the cylinder, not in the out-of-plane direction as
was the case for the load/deformation-curve of plates) (Fig. 5.9).
According to the classical theory, there is an additional loading capacity (after collapse) due to the symmetrical buckling pattern, but this “sub-critical branch’’ exists
only in theory, and possibly also for deformation induced load tests of more or less
perfect shells. For real shells, having imperfections, the load/deformation-curve shows
a completely different behaviour (Fig. 5.10).
True and imperfect cylinder shells do buckle at a markedly lower level than what
is predicted by the classical theory for ideal conditions. Already since the classical
theory was introduced in the beginning of the last century, much lower tests results
were observed in comparison to what had been predicted, and it was first during the

Figure 5.9 Stress/deformation relationship for an axially loaded perfect (i.e. ideal) cylinder.

Figure 5.10 The stress/deformation relationship for an imperfect cylinder.
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1950s that researchers could explain the reason for this deviation. Besides initial imperfections in the curved surface of the shell, also residual stresses and uneven loading
distribution do explain the difference in results. The theory had to be revised in accordance to these effects, and a reduced value of the critical buckling stress, from a large
number of load tests on cylinders having varying slenderness ratios, was established.
It was found, besides as expected, that the true critical buckling stress was markedly
lower than what the classical theory did predict, also that the slenderness did influence largely. As the slenderness did increase, the observed buckling stress decreased in
relation to the calculated value (Fig. 5.11).
The following experimentally determined relationship, between the classical buckling theory and the observed, was established (Eqs. 5.9, 5.10):
r
σcr
= α · η · σcr

η=

0.83
1 + 0.01 ·

(5.9)
r
t

(5.10)

where α is considering the production method and tolerance level, and η is an experimentally set “knock-down-factor’’ with respect to the slenderness ratio of the shell.
That the observed value of the critical buckling stress is decreasing more relative to
the classical theory, for high slenderness ratios, depends upon the fact that the inner
stabilizing membrane forces become more sensitive for imperfections as the slenderness is increasing (read: as the curvature is decreasing, the circumference forces become
more easy to disturb).
A disturbed geometry is affecting the load-carrying capacity in different ways. Outwards going initial imperfections in the shell have a tendency to be held back as
membrane forces in tension are activated (Fig. 5.12).
Inwards going imperfections, on the other hand, create not only a disturbance that
gives local bending of the shell, but is also being “pushed on’’ by the membrane stresses,
which now are in compression (Fig. 5.13).
Initial imperfections – especially the inwards going – do function as small local disturbances, which reduce the ability to stabilize the shell through membrane (compression)
forces. Around a defect there is also a redistribution, which increases the loading in
the surrounding areas (Fig. 5.14).

Figure 5.11 The true critical buckling stress is highly dependent on the slenderness ratio, r/t.
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This lowering effect on the load-carrying capacity, that especially was the result of
the inwards going imperfections, also explains why shells are so sensitive for transverse
loading (and the greater slenderness the worse). If an out-of-plane transverse load is
applied at the same time as the shell is subjected to a large axial load, there is a risk that
the stabilizing membrane forces are completely knocked out, and as a consequence a
collapse will occur instantly. The shell will go from one equilibrium state to another
(and also being a heavily deformed state) (Fig. 5.15).

Figure 5.12 Outwards going imperfections tend to be held back by the membrane forces (being in
tension).

Figure 5.13 Inwards going imperfections tend to be “pushed on’’ by the membrane forces (being in
compression).

Figure 5.14 The load dispersion around a local defect increases the compression in this zone.
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Figure 5.15 The sudden “jump’’ from equilibrium to a collapse by the introduction of a small additional
disturbance of the stabilizing membrane forces.

This sensitivity against additional disturbances coming from concentrated loads is a
well-known behaviour of thin and slender shells, a phenomenon that also the designers
are fully aware of. If a shell is optimized with respect to an evenly distributed load,
the thickness becomes normally very thin, and as a consequence the capacity against
additional transverse loading becomes heavily reduced. When the Stockholm Globe
Arena was to be constructed in 1986, there was a problem regarding the platform for
sound and lighting. Would this platform be suspended directly to shell, there would be
a risk for the introduction of large concentrated forces (due to unevenly distribution of
the load on the platform). The problem was solved in such a way that the suspension
cables were attached to the top of a vertical steel column (being only supported in the
transverse direction at the top), which in its turn transferred the total load down to a
new set of cables, which carried the load (now evenly distributed) to the connection
points in the shell (Fig. 5.16).
If we go back to the “can’’ that was analyzed in the beginning of this section, we
can calculate the design load-carrying capacity with the help of the “Shell Handbook’’,
i.e. its true resistance. The cylinder was 150 mm high, had a diameter of 65 mm, and a
thickness of the wall of 0.18 mm, and it was made of aluminium plate, having a yield
strength of 30 MPa, a modulus of elasticity of 70,000 MPa, and a Poisson’s ratio of
0.33 (Eq. 5.11) (Fig. 5.17).
σcr =

1
3 · (1 −

υ2 )

·E·

t
= 237.1 MPa
r

(5.11)

(as before)
As the length in relation to the diameter is relatively small there is no risk of global
(Euler) buckling, instead we concentrate on the risk of local shell buckling. The capacity
will be calculated assuming safety class 1 according to the Swedish code, i.e. γn = 1.0.
The reduction factor α, which took into account the production method and tolerance
level, is determined by the help of Table 5.1.
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Figure 5.16 The ingenious rigging of the sound and lighting platform of the Stockholm Globe Arena.

Figure 5.17 A 65 mm wide and 0.18 mm thick axially loaded aluminium cylinder.

Table 5.1 The reduction factor, α.
Production method

Tolerance class

ωr

α

Hot formed/Stress relieved

1
2
1
2

≤l r /100
≤l r /50
≤l r /100
≤l r /50

1
0.7
0.9
0.6

Cold formed/Welded
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Figure 5.18 The definition of how to determine the magnitude of the initial imperfections.

where ωr is the amplitude of existing initial imperfections (buckles) in the shell, and
where lr is the measure length (defined below) (Fig. 5.18) (Eq. 5.12).
lr = 4 ·

√

r·t

(5.12)

We start with the assumption of tolerance class 2 (ωr ≤ lr /50) of our cold-formed
aluminium cylinder. This gives the reduction factor:
α = 0.6
In our specific case, this tolerance class would mean a maximum amplitude of existing
initial imperfections that is comparable to the wall thickness (Eqs. 5.13, 5.14):
lr = 4 ·
⇒

√

32.5 · 0.18 = 9.7 mm

ωr ≤

9.7
= 0.19 mm
50

(5.13)
(5.14)

Such a tight tolerance is probably not to be expected for beer cans and such, so instead
we assume a maximum initial imperfection equal to twice the wall thickness (Eq. 5.15):
ωr ≤ 2 · t = 0.36 mm

(5.15)

and as this study of ours is an analysis, and not a design, we are able to calculate a
reduction factor α , despite the fact that we are above the regulated tolerance values.
The expression below will give us the new value of the reduction factor (Eq. 5.16):



ωr
1
−
lr
50


0.36
1
= 0.6 − 15 ·
−
= 0.343
9.7
50

α = α − 15 ·

(5.16)
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This new expression given above is valid for initial imperfections up to the value of
(Eq. 5.17):
ωr ≤

lr
9.7
=
= 0.39 mm
25
25

(5.17)

(>0.36 mm OK!)
The knock-down factor with respect to the slenderness ratio (Eq. 5.18):
η=

0.83
1 + 0.01 ·

32.5
0.18

= 0.496

(5.18)

The reduced value of the critical buckling stress can now be calculated (Eq. 5.19):
r
= 0.343 · 0.496 · 237.1 = 40.3 MPa
σcr

(5.19)

Depending on the level of this reduced value of the critical buckling stress, in relation to the yield strength of the material, the design strength resistance is calculated
according to (Eqs. 5.20–5.23):
r
≤
σcr

fy
3

⇒

r
frd = 0.75 · σcr

(5.20)

r
≥
σcr

fy
3

⇒

frd = ωs · fy

(5.21)

where ωs =

and

λs =

0.96
0.8 + λ2s

(≤1.0)

fy
r
σcr

(5.22)

(5.23)

r
In our case σcr
> fy /3 (even above fy ), which gives (Eqs. 5.24, 5.25):

λs =
⇒

30
= 0.863
40.3
ωs =

0.96
= 0.621
0.8 + 0.8632

(5.24)
(5.25)

The design strength resistance (Eq. 5.26):
frd = 0.621 · 30 = 18.6 MPa

(5.26)

and the maximum load-carrying capacity (Eq. 5.27):
Psd = 18.6 · 204 · 0.18 = 683 N

(5.27)
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This loading capacity of approximately 70 kg is about what can be expected of a beer
can or similar, and it is relatively easy to check the result by yourself at home to see
that it is correct. If someone is asked to assist during the test, you could also take the
opportunity to ascertain the sensibility against transverse loading by lightly tapping
on the side of the can as you are standing on the same – however, be prepared for the
sudden collapse (and be using an empty can!).
The discussion so far has been concentrated on unstiffened cylinder shells, but there
are a number of ways of how to improve the capacity by the use of different stiffeners. We have seen that unstiffened cylinder shells possess an inherent capacity of some
magnitude to stiffen itself by the use of membrane forces, but we have also seen that
these stabilizing forces are easily disturbed and knocked out, especially for shells having thin and slender walls. Ring stiffeners are primarily used for cylinders subjected
to inner sub-pressure (or externally applied over-pressure). Such stiffeners have, however, small effect on cylinders subjected to axial loading, where instead longitudinal
stiffeners should be chosen. If such stiffeners are chosen of a large dimension, there
is a possibility to use post-critical reserve effects, just as for buckling of plane plates.
Buckling in between the stiffeners does not mean the collapse of the shell, as additional
loading can be accepted by yielding of the stiffer zones alongside of the stiffeners. The
capacity of the longitudinal stiffeners can be increased by the use of additional ring
stiffeners, which reduce the buckling length of the former – just as the function of
longitudinal and transverse stiffeners at I-girders or box-girders. Older bridges having
tubes (as the old riveted bridges at Saltash and Edinburgh that have been mentioned
earlier) used both longitudinal and transverse (ring) stiffeners. However, in these old
structures it was natural to insert both types of stiffeners, as the tubes were put together
by smaller (and curved) plates. More modern truss bridges, having circular hollow sections, are without both longitudinal and ring stiffeners, as these bars are normally of
a small dimension of a rolled standard profile. However, in modern steel arch bridges,
having a cylinder profile, the section is built up of smaller segments, and then it is
common practice to insert ring stiffeners at the joints, but not longitudinal stiffeners in
between.
A modern steel arch bridge that definitely also would have been in need of longitudinal stiffeners (and not only ring stiffeners) was the Almö Bridge, also called
the Old Tjörn Bridge. At the early stages of the design of the bridge in the 1950s,
the suspension bridge alternative was rejected, as it was considered not to interact
with the landscape of the province of Bohuslän, and also to disturb and endanger the
air traffic in the area by the pylons. Instead the structure was turned upside down
(reversing the stress flow from tension to compression), and a huge arch bridge was
chosen, spanning over the entire channel. The span was impressive 278 meters, however, despite the rise of the arch being 41 meter, the free sailing width was quite limited
(Fig. 5.19).
On the 18th of January 1980, the inevitable thing, that more or less had been a
high probability during 20 years in service, occurred (read: that a ship easily can
come off course in heavy fog). The cargo-ship Star Clipper lost its route through the
channel of the Almö Sound, and hit the side of the arch by a gantry crane up at the
bridge of the ship. It is hard to judge whether this applied load was big or small,
but from the shell buckling theory we have learnt that shells are very sensitive to
transverse forces, especially if they are – at the same time – subjected to an axial load
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Figure 5.19 “The giant tanker ‘THORSHAMMER’ of 228,250 tons passing the Almö Bridge’’.

Figure 5.20 As the cargo ship Star Clipper came off course in the fog, the tube arches were hit by the
gantry crane of the ship, and the bridge collapsed.

of some magnitude. The arches of the Almö Bridge did, nevertheless, not withstand
this additional transverse loading, and did collapse and fell into the sound (Fig. 5.20).
After such a major incident as this, the understanding definitely becomes greater with
respect to the demands of the Admiralty concerning the free sailing width and height
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of the Britannia Bridge. Considering the Almö Bridge, the fact did become completely
clear that it was only a matter of time before it was to be hit by a ship adrift!
If we finally do compare the slenderness of the Almö Bridge arches, with the same
of the cylinder that we have studied earlier, we find that the difference is not so big.
The cross-section of the arches has a diameter of 3.8 meter, and a wall thickness of
22 mm at the base, and 14 mm at the crown (Eqs. 5.28, 5.29):
r
t

max

=

1.9
= 135.7
0.014

(The Almö Bridge)

r
32.5
=
= 180.6 (The cylinder)
t
0.18

(5.28)
(5.29)

We see from the results above that it is not far from that we can compare the slenderness of the arch profile (at the crown) with that of the cylinder. We can also calculate
the equivalent wall thickness of the arch, so that the slenderness becomes the same as
for the cylinder (Eq. 5.30):
teq =

1.9
= 10.5 mm
180.6

(5.30)

A wall thickness of 10.5 mm – which is not far from the actual value of 14 mm – would
thus have given the same slenderness for the arch as for the cylinder! Alternatively we
could calculate the equivalent wall thickness of the cylinder, so that the slenderness
becomes the same as for the arches of the Almö Bridge (Eq. 5.31):
teq =

180.6
· 0.18 = 0.24 mm
135.7

(5.31)

Thus the tube section of the Almö Bridge arches was only 33% thicker in relation to
the cylinder, so it is easy to see why the bridge was doomed to fail, not only because
of the narrow channel, but also because of the low slenderness. If one had considered
this potential hit damage risk better, it would for sure have resulted in thicker walls in
combination with longitudinal stiffeners inside the tubes. Alternatively, which also is a
better idea; one could have done what prof. Em. Bo Edlund suggested in an article in the
Göteborgs-Posten 2005 about the Almö Bridge collapse, and that was to provide the
sailing route through the channel with especially designed barriers, which would have
prevented the bridge from being hit. Nevertheless, the collapsed bridge was replaced
with a modern stay-cable bridge (having a box-girder cross-section), which has given a
free sailing height over the entire width of the sound – just as for the Britannia Bridge.

Examples

Example 1
Example 2
Example 3
Example 4
Example 5
Example 6
Example 7
Example 8
Example 9
Example 10
Example 11
Example 12

Local buckling resistance of an unstiffened plate
Local buckling resistance of a stiffened plate
The check of the longitudinal stiffeners in example 2
The check of the transverse stiffeners in example 2
Bending moment resistance of an unstiffened I-girder
Bending moment resistance of a stiffened I-girder
The check of the stiffeners in example 6
The lateral/torsional buckling risk of the I-girder
Bending moment resistance of compact I-girders
The resistance of the I-girder to a transverse force
The shear buckling resistance of the I-girder
The shear buckling resistance of a continuous girder

In example 1–4, we follow one and the same plate, either stiffened or unstiffened,
and we see how the capacity with respect to axial loading is affected by the stiffening.
In example 5–11, we do the same for a simply supported I-girder, but with respect
to bending. The last and final example (no. 12) is a continuous I-girder, and where
the shear buckling resistance is checked with some different expressions than for the
I-girder studied before.
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Example 1
The maximum load-carrying capacity of an axially loaded and unstiffened plate is to
be calculated. The plate has a width of 500 mm, a length of 2000 mm, and a thickness
of 6 mm. Steel quality: fy = 275 MPa.

M e s s ag e
We follow an imaginary load test, where the load is raised step by step. First we
calculate the critical buckling load, and there-after we find the maximum load-carrying
capacity in the ultimate limit state, taking the post-critical reserve effects into account.
Worth noticing is the magnitude of the capacities.

Cross-section class
Class 3:

b
≤ 42 ·
t

Actual slenderness:

b
500
=
= 83.3 ⇒
t
6

235
= 38.8
275
Class 4

C r i t i c al b uc k l i ng l o a d
a
≥ 1 ⇒ k=4
b
π2 · 210,000
σcr = 4 ·

 = 109.4 MPa
500 2
2
12 · (1 − 0.3 ) ·
6
⇒

Ncr = 109.4 · 500 · 6 = 328.2 kN

According to the classical theory, the plate will buckle at a load of rather impressive
33 tons (at the so-called bifurcation point). However, due to the presence of initial
imperfections and residual stresses, the true buckling load will occur at a somewhat
lower value though.
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M a x i m um l o a d
λp =
ρ =

fy
=
σcr

275
= 1.585 (>0.673)
109.4

(1.585 − 0.22)
= 0.544 (ψ = 1)
1.5852

beff = 0.544 · 500 = 272 mm

⇒

Nc,Rd =

Aeff · fy
272 · 6 · 275
=
= 448.8 kN
γM0
1.0

The capacity has accordingly risen from the buckling load of 33 tons (or lower), to
45 tons, i.e. by having post-critical reserve strength of more than 12 tons.
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Example 2
We calculate the capacity once again for the plate given in the first example, however,
now stiffened in both longitudinal and transverse direction. We start by only having
transverse stiffeners (each 500 millimeters), and then we also add a centrically located
stiffener in the longitudinal direction. We check the capacities of the stiffeners in the
next-coming example, but in this example we assume them to be strong and rigid
enough so that they function as fixed nodal lines at buckling of the plate.

M e s s ag e
Stiffeners can greatly enhance the load-carrying capacity if they are correctly
positioned.

a) W i t h o u t a l o n g i t u d i n a l s t i f f e n e r
Critical buckling load
The stiffeners have divided the plate into four equally large square elements, and as the
panel aspect ratio a/b = 1 it does not change the critical buckling load – the buckling
coefficient, k, is still equal to 4. Just as for the unstiffened plate, the buckles will form
within these square panels, with or without stiffeners:

σcr = 109.4 MPa

⇒

Ncr = 328.2 kN

(as before)
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If the stiffeners instead had been positioned closer than the width, then the panel
aspect ratio a/b had become less than one, which had resulted in an increased buckling
coefficient.
M a x i m um l o a d
Also for the maximum capacity in the ultimate limit state there will be no change. The
effective width is still the same, as the critical buckling stress has not changed:

beff = 272 mm

⇒

Nc.Rd = 448.8 kN

b) W i t h a l o n g i t u d i n a l s t i f f e n e r
C r oss - s e c t i o n c l a s s
b
Class 3:
≤ 38.8 (as before)
t
Actual slenderness:

b
250
=
= 41.7
t
6

⇒

Class 4

C r i ti c a l b u c k l i n g l o a d
500
a
=
= 2.0
b
250
σcr = 4 ·

⇒

k=4

π2 · 210,000
∗

2 = 436.6 MPa (>275 MPa)
250
12 · (1 − 0.32 ) ·
6

∗

No buckles will here be shown before the maximum capacity is reached, but the plate
has still to be designed using an effective width due to the high slenderness (Class 4).
M a x i m um l o a d
λp =
ρ =

275
= 0.794 (>0.673)
436.6
(0.794 − 0.22)
= 0.910
0.7942

⇒

beff = 0.910 · 250 = 227.5 mm
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⇒

Nc·Rd =

2 · 227.5 · 6 · 275
= 750.8 kN
1.0

This capacity is for the original plate alone, i.e. without the additional area of the
longitudinal stiffener. If we also add this, the capacity will increase even more:
⇒


Nc·Rd
=

(2 · 227.5 · 6 + 2 · 80 · 8) · 275
= 1102.8 kN
1.0

The maximum capacity has consequently risen almost 2.5 times in relation to the
unstiffened plate!
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Example 3
Here we check the capacity of the chosen longitudinal stiffener:

Message
We assume here that the transverse stiffeners are functioning as nodal lines at (global)
buckling of the longitudinal stiffener. If it is shown that the capacity of the longitudinal
stiffener has to be reduced with respect to buckling – despite the short distance between
the transverse stiffeners – then the capacity of the plate will also be reduced.
The plate with the longitudinal stiffener, seen from the loaded edge:

The cross-section to check, with respect to global buckling in between the transverse
stiffeners:

N o r m al f o r c e c a p a c i t y
Abrutto = 250 · 6 + 2 · 80 · 8 = 2780 mm2
Aeff = 227.5 · 6 + 2 · 80 · 8 = 2645 mm2
⇒

βA =
I =
i =

Aeff
2645
= 0.95
=
2780
Abrutto
250 · 63
8 · 803
+2·
+ 2 · 8 · 80 ·
12
12
I
=
A

3.054 · 106
= 33.1 mm
2780



6 80
+
2
2

2
= 3.054 · 106 mm4
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λ =

lc
500
=
= 15.1 λ1 = 93.9 ·
i
33.1

⇒

λ=

λ
·
λ1

βA =

235
= 86.4
275

15.1 √
· 0.95 = 0.17
86.4

As the reference value of the slenderness does not exceed 0.2, it means that the capacity
of the plate becomes unreduced with respect to the buckling strength of the longitudinal
stiffener.
Re fi n e d m o d e l
As an alternative to the simplified buckling model used above, there is a refined model
to be used, where the web plate is regarded as an “elastic bed’’, that is supporting the
stiffener against out-of-plane buckling (see section 4.2 pages 75–77). We check the
capacity for the effective net section:

Aeff = 227.5 · 6 + 2 · 8 · 80 = 2642 mm2
Ist =

227.5 · 63
8 · 803
+2·
+ 2 · 8 · 80 ·
12
12

ac = 4.33 ·
Ncr =

4



6 80
+
2
2

2

3.053 · 106 · 2502 · 2502
= 576 mm
63 · 500

= 3.053 · 106 mm4

(>500 mm)

π2 · 210,000 · 3.053 · 106
210,000 · 63 · 500 · 5002
+
2
500
35.7 · 2502 · 2502

= 25 310.8 + 40.7 = 25 351.5 kN

λc =

Aeff · fy
=
Ncr

2645 · 275
= 0.17
25 351.5 · 103

(<0.2)

The result here also showed that no reduction with respect to buckling of the stiffener
has to be made (which also was a rather expected result, as it was a matter of a refined
model in relation the first more simplified approach). It can be noted, from the results
above, that the stiffening effect from the web plate, acting as a transverse bed, was
more or less negligible. The plate bending stiffness of the web plate was apparently
rather small in comparison to the bending stiffness of the stiffener.
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Example 4
Here we finally check the capacity of the transverse stiffeners:

Message
We check what we have assumed in the former example, and that was that the transverse stiffeners were functioning as fixed nodal lines for the buckling of the longitudinal
stiffener.

The transverse stiffeners are designed according section 4.2 page 77, with respect to
a required stiffness in order to balance the inclined force coming from the deviating
out-of-straight longitudinal stiffener – a normal value of this deviation is set to 2%:

The transverse stiffener shall deflect less than b/500 in the load application point
because of this force, and the cross-section to use is, beside the transverse stiffeners on
either of the web, also an interacting part of the web, normally set to 40 · tw :
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I =

10 · 1003
240 · 63
+2·
+ 2 · 10 · 100 ·
12
12



6 100
+
2
2

2

= 7.20 · 106 mm4
Nlong =

Aeff · fy
2645 · 275
=
= 727.4 kN
γM1
1.0

Ntrans = 0.02 · 727.4 = 14.5 kN
δ=

Ntrans · b3
14.5 · 103 · 5003
=
= 0.02 mm
48 · EItrans
48 · 210, 000 · 7.29 · 106

δ ≤

b
500
=
= 1 mm
500
500

OK!

The chosen stiffener in the transverse direction met the requirement regarding its stiffness without any problem, and by doing so, it also means that the load-carrying
capacity (with respect to stress) is sufficient.
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Example 5
The maximum design bending moment resistance, Mb,Rd , is to be determined for this
double-symmetrical and unstiffened I-girder. This is done by in turn determining crosssection class, effective width, position of the neutral axis for the net-section, and finally
the design moment resistance. fy = 355 MPa

Message
A substantial part of the load-carrying capacity still remains after that local buckling
has occurred (at σcr = 168 MPa), and this is because of the post-critical reserve strength.
The maximum load-carrying capacity is consequently reached first after buckling,
when yielding is reached in the outermost fibre (i.e. σmax = fy ).

C r o s s-s e c t i o n c l a s s
Cross-section class for the flange:
Class 1:

c
≤9·ε=9·
tf

Actual slenderness:

c
=
tf

235
=9·
fy

235
= 9 · 0.81 = 7.3
355

300 6 √
− − 2·5
2
2
= 7.0
20

Cross-section class for the web:
Class 3:

d
≤ 124 · ε = 124 · 0.81 = 100.4
tw

OK!
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d
1000 − 2 ·
=
tw
6

Actual slenderness:

√

2·5

= 164.3

E f fe c t i v e c r o s s-s e c t i o n

√

d = 1000 − 2 ·
beff = ρ ·
ψ =

d
2

σ2
= −1
σ1

σcr = 23.9 ·

λp =

ρ =

2 · 5 = 986 mm

⇒

kσ = 23.9

π2 · 210,000

 = 168.0 MPa
986 2
2
12 · (1 − 0.3 ) ·
6

fy
=
σcr

355
= 1.454 (>0.673)
168

(1.454 − 0.22)
= 0.58
1.4542

beff = ρ · bc = ρ ·

d
986
= 0.58 ·
= 286 mm
2
2

√
2 · 5 = 121 mm

1

0.4 · 286 +

2

986
− 286 = 207 mm
2

3

0.6 · 286 = 172 mm

⇒

Class 4

Examples
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Area of the effective net-section:
Aeff = 2 · 20 · 300 + (500 + 172 + 121) · 6 = 16758 mm2
Neutral axis of the effective net-section:
yn.a. · Aeff



20
672
= 20 · 300 ·
+ (500 + 172) · 6 · 20 +
2
2




121
20
+ 20 · 300 · 1020 +
+121 · 6 · 1020 −
2
2
= 8371 989 mm3

⇒

yn.a. =

8371 989
= 500 mm
16758

The neutral axis has thus been lowered 20 mm (520–500) for the effective net-section
in relation to the gross-section.

Be n d i n g m o m e nt r e s i s t a n c e


Ieff

20
= 20 · 300 · 500 −
2

2



6 · 6723
672 2
+
+ 6 · 672 · 480 −
12
2




2
121 2
6 · 1213
20
+ 6 · 121 · 520 −
+
+ 20 · 300 · 1020 +
− 500
12
3
2
= 35.16 · 108 mm4
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c
Weff
=

Ieff
35.16 · 108
=
= 65.11 · 105 mm3
yc
(1040 − 500)

t
Weff
=

Ieff
35.16 · 108
=
= 70.32 · 105 mm3
yt
500

Due to the position of the neutral axis, yielding will first occur at the top compression
side, and therefore the bending moment resistance is determined with respect to the
corresponding section modulus (i.e. the lowest value):
Mc,Rd =

c
Weff
· fy

γM0

=

65.11 · 10−4 · 355 · 103
= 2311 kNm
1.0

Examples
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Example 6
In this example we seek the bending moment resistance of the cross-section in example 5, however, now strengthened with a longitudinal stiffener in the upper compression
part of the web, positioned 200 millimeters below the lower face of the upper flange
(approximately where the maximum amplitude of the normal stress buckles could
be expected). The stiffener is fillet welded to the web plate, with a throat thickness
a = 5 mm. We assume that the longitudinal stiffener is sufficiently strong so that global
buckling of the same (in between the transverse stiffeners) does not reduce the bending moment resistance of the cross-section of the girder (we check this assumption in
example 7).

Message
By adding stiffeners where we expect the maximum amplitude of the buckles to appear
(for the unstiffened case) – and by doing so, creating a nodal line there – we increase
the bending moment resistance of the girder.

The position of the stiffener:

Longitudinal stiffeners are normally, as a rule, positioned 0.2 · d from the edge of the
web plate, but in our case, the more exact position would have been:
121 +

207
= 225 mm
2

In the continued analysis, we proceed with the given position, i.e. 200 mm (0.2 · 1000).
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C r o s s-s e c t i o n c l a s s
L o n gi t u d i n a l s t i f f e n e r
c
Class 1:
≤ 9 · ε = 9 · 0.81 = 7.3
tf
Actual slenderness:

√
c
60 − 2 · 5
=
= 5.3
t
10

OK!

The longitudinal stiffener is so compact that it can fully plastify prior to any local
buckling.
The upper part of the web plate
Class 1:

d
≤ 33 · ε = 33 · 0.81 = 26.7
tw

Class 2:

d
≤ 38 · ε = 38 · 0.81 = 30.8
tw

Actual slenderness:

√
10
200 −
−2·5· 2
d
2
=
= 30.1
tw
6

As the actual slenderness of the upper part of the web plate fulfills the requirement of
Class 2, it has the capacity to fully plastify:

The lower part of the web plate
In the following we neglect the small effect that the stiffener has on the position of the
neutral axis (on the safe side as the neutral axis will be somewhat lowered, and the
compression zone will decrease):
Class 1:

d
36 · 0.81
36 · ε
=
= 78
≤
tw
α
0.375

Class 2:

d
41.5 · 0.81
41.5 · ε
=
≤
= 90
tw
α
0.375

Class 3:

d
≤ 62 · ε · (1 − ψ) ·
tw

(−ψ) = 62 · 0.81 · (1 + 1.67) ·

√

1.67 = 173

Examples

α=

139

300
−500
= 0.375 ψ =
= −1.67
800
300

(In EC3 compression is given the positive sign)

Actual slenderness:

√
10
800 −
−2·5· 2
d
2
=
= 130.1
tw
6

As the lower part of the web plate belongs to Class 3, it tells us that only linear stress
distribution is possible (however, with yielding of the outermost compression fibre of
this part).
The resulting stress distribution for the entire cross-section:

Be n d i n g m o m e nt r e s i s t a n c e




20
200
+ 2 · 6 · 200 · 300 +
Wel,pl = 2 · 20 · 300 · 500 +
2
2
+2 ·
⇒

6 · 300 2
· · 300 = 74.40 · 105 mm3
2
3

Mc,Rd =

Wel,pl · fy
74.4 · 10−4 · 355 · 103
= 2641 kNm
=
γM0
1.0

In comparison to the unstiffened cross-section (in example 5) we have received a 14%
increase of the moment resistance. The capacity will increase even more if we also add
the capacity coming from the stiffener:
M ≈

Ast · y · fy
10 · 60 · 300 · 10−9 · 355 · 103
=
= 63.9 kNm
γM0
1.0
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Example 7
In this example we check the longitudinal stiffener (that was chosen in example 6) with
respect to global buckling in between the transverse stiffeners. We assume transverse
stiffeners having the dimension of 10 × 100 mm2 , every meter along the girder, that is
simply supported and 6.0 meter long:

M e s s ag e
Would it show that the chosen stiffeners has a reduced capacity to carry a normal force,
then the bending moment resistance of the girder is also affected, and has to be reduced.
Longitudinal stiffener
The interacting effective web area is chosen according to the figure below (see also
section 4.2 pages 75–77):

Examples

with bw2 = 200 and bc = 300 the cross-section becomes:

Along = 6 · 200 + 10 · 60 = 1800 mm2
Istz−z = 6 · 200 · 32 +

10 · 603
+ 10 · 60 ·
12



60
2

2

= 73.08 · 104 mm4

ac = 4.33 ·

4

ac = 4.33 ·

4

Ist · b2w1 · b2w2
3 ·b
tw
w

73.08 · 104 · 8002 · 2002
= 2349 mm
63 · 1000
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As the buckling length of the longitudinal stiffener does exceed the distance between
the transverse stiffeners (a = 1000 mm), the critical buckling load becomes:
Ncr =

=

3
π2 · EIst
E · tw
· bw · a2
+
a2
35.7 · b2w1 · b2w2

π2 · 2.1 · 105 · 73.08 · 104
2.1 · 105 · 63 · 1000 · 10003
+
10002
35.7 · 8002 · 2002

= 1515 + 50 = 1565 kN
Aeff · fyk
=
Ncr

λc =

λc = 0.639

1800 · 355
= 0.639
1565 · 103

and curve c

⇒

χ = 0.754

The load-carrying capacity of the longitudinal stiffener – with respect to the buckling
resistance – has to be reduced, and consequently also the bending moment resistance
of the girder:

Mc,Rd
≈ 0, 754 · 2641 = 1991 kNm

As the reduced value of the moment resistance is below what has been calculated
for the unstiffened girder (example 5; Mc,Rd = 2311 kNm), it shows that the assumed
design model is too much on the safe side. Even if buckling of the stiffener is a global
phenomenon, there are post-critical reserve effects that have been neglected. The true
moment resistance of the stiffened girder must be in between the upper and lower limits

of what has been calculated earlier, i.e. 2311 ≤ Mc,Rd
≤ 2641 kNm.
Transverse stiffeners
The condition for the calculated buckling resistance of the longitudinal stiffener is that
the transverse stiffeners must have a minimum stiffness so that they function as fixed
nodal lines at buckling of the longitudinal stiffener. They shall deflect less than bw /500
for a force equal to 2% of the axial force in the longitudinal stiffener (compare section
4.2 page 77, and example 4):
Atrans = 240 · 6 + 10 · 100 = 2440 mm2
Nlong = Nb,Rd =
=

χ · βA · Along · fy
γM1

0.754 · 1 · 1800 · 355
= 481.8 kN
1.0
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Ntrans = 0.02 · 481.8 = 9.6 kN


6
100
+ 10 · 100 · 6 +
2
2
=
= 25 mm
2440


240 · 63
6 2 10 · 1003
=
+ 240 · 6 · 25 −
+
12
2
12

2
100
+10 · 100 · 6 +
− 25 = 24.96 · 105 mm4
2
240 · 6 ·

yn.a.
Itrans

δ=
=
δtill =

Ntrans · b2w1 · b2w2
3 · EItrans · bw
9.6 · 103 · 8002 · 2002
= 0.15 mm
3 · 2.1 · 105 · 24.96 · 105 · 1000
bw
1000
=
= 2 mm
500
500

OK!

The capacity of the longitudinal stiffener and the cross-section resistance of the girder
need not be further reduced with respect to insufficient stiffness of the transverse
stiffeners.
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Example 8
In this example we check the girder with respect to the lateral/torsional buckling
risk. Even if this is a global instability phenomenon, which not can be related to
the local buckling risk of the cross-section of the girder (which also is the focus of this
book), we carry out such a check, as this is a very important phenomenon that never
should be neglected. We assume the girder to be stabilized laterally at the supports
(by double-sided transverse stiffeners) and at the load application point in mid-span
(lateral support of the top compression flange). We assume the self-weight of the girder
to be included in the applied load.

M e s s ag e
Lateral/torsional buckling is normally quite complicated to check (and can thus “hide’’
the phenomenon for the designer), however, in this example we perform the analysis
in a simplified manner (on the safe side), where we regard the top compression flange
as an isolated element, that is buckling in the lateral transverse direction in between
the supports and the load application point.

MEd =

1300 · 6.0
FEd · L
=
= 1950 kNm
4
4

Examples

145

We check the upper compression flange for global buckling in the transverse direction:

Af = 20 · 300 = 6000 mm2
If =

20 · 3003
= 45 · 106 mm4
12

We assume the buckling length being equal to 3.0 meter, despite the fact that the axial
force – which is following the moment distribution – is not constant (and therefore
should have given a somewhat lower buckling length). A view of the buckled upper
flange seen from above:

Ncr =

λ =

π2 · EIf
π2 · 2.1 · 105 · 45 · 106
=
= 10,363 kN
L2c
(3.0 · 103 )2
βA · A · f y
=
Ncr

1.0 · 6000 · 355
= 0.45
10,363 · 103

λ = 0.45 and buckling curve c

⇒

χ = 0.87

Mc,Rd = 0.87 · 2311 = 2011 kNm (unstiffened girder; example 5)
Mc,Rd = 0.87 · 2641 = 2298 kNm (stiffened girder; example 6)
Both the stiffened and the unstiffened girder meet the load-carrying requirement with
respect to the lateral/torsional buckling risk.
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Example 9
If we take the cross-section that we have studied in example 5–8 (so far), and transform
the web plate so that it becomes compact, how would this change affect the stiffness
and load-carrying capacity? We study two alternative cross-sections, where we have
kept the original flanges, but altered the web plate. In the first cross-section (A), the web
area – and also the total area – is the same as before, and in the second cross-section (B),
the web area has been increased with 60%.

M e s s ag e
The only reason to choose a compact cross-section (besides a need for robustness and
stability during transport and handling) is if the statical system, and the safety with
respect to local buckling, are such that there is a need for plastic redistribution of
moments, so that a mechanism can be formed in the ultimate limit state by plastic
hinges having a sufficient rotational capacity. Normally though, there is a loss of
both stiffness and load-carrying capacity of choosing such a compact cross-section in
relation to a thin-walled alternative.

In the following analysis we assume that both alternatives are in class 2 or better, with
respect to the slenderness of the web plate, so that there is a full capacity to plastify
without any risk of buckling.
Cross-section A

Examples

Mpl·Rd =
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Wpl · fy
γM0

Wpl = 2 · 20 · 300 · 310 + 2 · 10 · 300 · 150 = 4.62 · 106 mm3
⇒

Mpl,Rd =

4.62 · 10−3 · 355 · 103
= 1640 kNm
1.0

Mc,Rd = 2311 kNm

(compare example 5)

Also the stiffness, and consequently the deflections, are affected negatively:
IA = 2 · 20 · 300 · 3102 +
I = 36.2 · 108 mm4

10 · 6003
= 13.3 · 108 mm4
12

(gross-section example 5)

Cross-section B
Wpl = 2 · 20 · 300 · 410 + 2 · 12 · 400 · 200 = 6.84 · 106 mm3

⇒

Mpl.Rd =

6.84 · 10−3 · 355 · 103
= 2428 kNm
1.0

Mc,Rd = 2311 kNm

(compare example 5)

Even if the moment resistance of alternative B slightly exceeds the original capacity,
the stiffness is still lower (compared to the value given above):
IB = 2 · 20 · 300 · 4102 +

12 · 8003
= 25.3 · 108 mm4
12

Alternative B gave a load-carrying capacity that was comparable to the original crosssection, but the stiffness was still lower. But not to forget; cross-section B is definitely
a more costly alternative, as the web area is 60% larger than the original (20% if the
entire areas are compared).
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Example 10
In this example we check the girder for the concentrated transverse force
FEd = 1300 kN, that is positioned at the top flange in mid-span. The force is distributed
over an area of 200 × 300 mm2 , through a bearing plate. We check two alternatives;
with or without vertical web stiffeners under the load.

M e s s ag e
As a general rule, vertical web stiffeners are always positioned where local concentrated
loads are introduced (despite the actual need according to an analysis), however, in
this example we still do start with a check of the unstiffened case.

FRd =

fyw · Leff · tw
γM1

Leff = χF · ly
χF =

λF =

0.5
λF

(≤1.0)

ly · tw · fyw
Fcr

Fcr = 0.9 · kF · E ·

3
tw
hw

Examples


kF = 6 + 2 ·

hw
a

2


=6+2·

1.0
6.0



Fcr

= 6.056

6 · 10−3
= 0.9 · 6.056 · 2.1 · 10 ·
1.0

m1 =

3
= 247.2 kN

8

ly = ss + 2 · tf · (1 +

√

m1 + m 2 )
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2

( ≤a)

fyf · bf
355 · 300
=
= 50
fyw · tw
355 · 6


m2 = 0.02 ·

hw
tf

2


= 0.02 ·

1000
20

2
= 50 (λF > 0.5)

ss = 200 mm
ly = 200 + 2 · 20 · (1 +

λF =

χF =

√

50 + 50) = 640 mm

(<a)

640 · 6 · 10−6 · 355 · 103
= 2.348 (>0.5, m2 = 50)
247.2
0.5
= 0.213 (<1.0)
2.348

Leff = 0.213 · 640 = 136 mm

⇒

FRd =

355 · 103 · 136 · 6 · 10−6
= 289.7 kN
1.0

FEd = 1300 kN Not OK! The web needs to be stiffened!
The interaction criterion – the combined effect of transverse force and bending
moment – has not to be checked, as it is superfluous.

D e si g n o f v e r t i c a l w e b s t i f f e n e r s
We check if the assumption of double-sided vertical web stiffeners, having the dimension of 120 × 15 mm2 , fulfill the requirement regarding a minimum load-carrying
capacity of Nb,Rd = 1300 kN. We assume the stiffeners to be in class 3 (or better),
which assures us that full plastification without any risk of local buckling is possible.
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btot = 2 · (15 · 0.81 · 6) + 15 = 161 mm
βA · A · f y
Ncr

λ =

A = 2 · 15 · 120 + 161 · 6 = 4566 mm2

I =



161 · 63
15 · 1203
120 2
+2·
+ 2 · 15 · 120 · 3 +
12
12
2

= 1.861 · 107 mm4
Lcr = 0.75 · d = 0.75 · 1.0 = 0.75 m
Ncr =

π2 · 2.1 · 108 · 1.861 · 10−5
= 68.6 kN
0.752

λ=

1.0 · 4566 · 10−6 · 355 · 103
= 0.154
68.6

λ = 0.154 and buckling curve c
Nb,Rd =

⇒

1.0 · 1.0 · 4566 · 355
= 1621 kN
1.0

χ = 1.0
(>1300 kN

OK!)

The capacity is sufficient first after that stiffeners are put in place!
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Example 11
As a last check of the load-carrying capacity of the girder that was introduced in
example 5, we calculate the shear buckling resistance, Vb,Rd . We assume the bending
moment resistance of the girder to be unaffected by any lateral/torsional buckling risk
(e.g. by having the top compression flange supported along the entire length). The selfweight of the girder can be assumed to be included in the applied load. We also assume
that the vertical stiffeners (outside the supports and in between) meet the requirements
with respect to resistance and stiffness.

Message
Vertical web stiffeners increase the shear resistance of the web – the diagonal tension
field is supported in the vertical direction for its anchorage, and the efficiency of this
action is enhanced by a decreased distance between the stiffeners. The design shear
panels for the girder above are the two panels in the centre (on either side of the load),
and this is due to the maximum shear force in combination with maximum bending
moment in these two panels.
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1.0
a
=
= 1.0
hw
1.0

⇒
π2 · E

τcr = kτ ·

kτ = 5.34 +


12 · (1 − υ2 ) ·
= 9.34 ·

λw = 0.76 ·

hw
t

4.0
= 9.34
1.02

2

π2 · 2.1 · 105

 = 63.8 MPa
1000 2
2
12 · (1 − 0.3 ) ·
6

fyw
= 0.76 ·
τcr

355
= 1.793
63.8

λw > 1.08 and inner panels (“rigid end post’’):

χw =

Vbw,Rd =

=

Mf ,Rd =

1.37
1.37
=
= 0.550
(0.7 + 1.793)
(0.7 + λw )
χw · fyw · hw · t
√
3 · γM1
0.550 · 355 · 103 · 1000 · 6 · 10−6
= 676.4 kN
√
3 · 1.0
300 · 20 · 1020 · 10−9 · 355 · 103
= 2172.6 kNm
1.0

(The entire width of the flange is effective, as the outstand width of the flange does
not exceed 15 ·  · tf )
As the flange only design bending moment of resistance do exceed the design bending moment, MEd = 1950 kNm, there is a contribution to the design shear resistance
coming from the flanges:

c = a · 0.25 +

1.6 · bf · tf2 · fyf



t · h2w · fyw



1.6 · 300 · 202 · 355
= 282 mm
= 1000 · 0.25 +
6 · 10002 · 355

Examples

Vbf ,Rd =

bf ·

tf2

· fyf

c · γM1


· 1−

MEd
Mf ,Rd

2 

300 · 202 · 10−9 · 355 · 103
=
· 1−
282 · 10−3 · 1.0



1950
2172.6

2 
= 29.4 kN

The shear buckling design resistance finally becomes:
Vb,Rd = Vbw,Rd + Vbf ,Rd = 676.4 + 29.4 = 705.8 kN

(>VEd

OK!)



η · fyw · hw · t
1.20 · 355 · 103 · 1000 · 6 · 10−6
=
= 1475.7 kN
< √
√
3 · γM1
3 · 1.0
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Example 12
In this example we check the shear buckling resistance, Vb,Rd , of a continuous girder in
two spans – the same web dimension but reduced flanges in comparison to the girder
used before. The vertical stiffeners are positioned with an equal spacing of a = 1.5 m,
and they can be assumed to be strong enough to carry the vertical reaction force from
the inclined tension field band. Where the flange is subjected compression, the girder
can be assumed to be supported in the lateral direction due to the lateral/torsional
buckling risk. The same steel quality as before, i.e. fy = 355 MPa. The design bending
moment of resistance for the class 4 effective cross-section can be assumed to meet the
need of the load effect.

M e s s ag e
The design shear panels here are also where the combined effect of maximum shear
and maximum bending moment is the highest, in this case over the inner support.
In relation to the girder in example 11, the increase in distance between the vertical
stiffeners and the reduced flange dimension will influence the shear buckling resistance.
1.5
a
=
= 1.5
hw
1.0

⇒

π2 · E

τcr = kτ ·

12 · (1 − υ2 ) ·

= 7.12 ·

kτ = 5.34 +



hw
t

4.0
= 7.12
1.52

2

π2 · 2.1 · 105
 = 48.6 MPa

1000 2
12 · (1 − 0.32 ) ·
6

Examples

λw = 0.76 ·

fyw
= 0.76 ·
τcr
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355
= 2.05
48.6

λw > 1.08 and intermediate support (“rigid end post’’):
⇒

χw =

Mf ·Rd =

=

1.37
1.37
=
= 0.498
(0.7 + 2.05)
(0.7 + λw )
Af · hf · fyf
γM0
150 · 10 · 1010 · 10−9 · 355 · 103
= 537.8 kNm
1.0

As the flange only design plastic moment of resistance do not exceed the design moment
there is no contribution to the design shear resistance coming from the flanges (i.e.
Vbf ,Rd = 0):
Vb,Rd = Vbw,Rd =

0.498 · 355 · 103 · 1000 · 6 · 10−6
= 612.4 kN
√
3 · 1.0
> VEd = 562.5 kN

OK!

A reduced shear buckling resistance in comparison to the girder in example 11 – due
to the smaller flanges and the larger distance in between the vertical stiffeners – but
still enough to meet the need. However, we also have to satisfy the interaction criterion
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for the combined effect of bending and shear. This criterion has only to be verified in
the section located at a distance of hw /2(=0.5 m) from the inner support:
x = 7.0 m:
VEd = 562.5 − 120 · 0.5 = 502.5 kN
120 · 7.02
− 337.5 · 7.0 = 577.5 kNm
2
6 · 10002
Wpl =
+ 2 · 10 · 150 · 505 = 3.015 · 106 mm3
4
3.015 · 10−3 · 355 · 103
Mpl,Rd =
= 1070.3 kNm
1.0

 
2
577.5
537.8
502.5
+ 1−
· 2·
− 1 = 0.744 <1.0
1070.3
1070.3
612.4
MEd =

OK!
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