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Oscillating Systems

4.1 INTRODUCTION

We continue our investigation of oscillating systems by dividing our discussion into oscillations
in electrical circuits and phase diagrams of nonlinear systems. To start, we extend the results de-
rived for mechanical linear oscillating systems to electrical oscillating systems. There is a com-
plete analogy between electrical and mechanical systems; hence we need not derive all the re-
sults. A portion of this chapter will be devoted to the study of nonlinear systems. We shall
introduce several techniques for solving oscillating systems, as well.

Chapter 3 was completely devoted to the study of linear oscillating systems. This type of
simple harmonic motion, although extensively used in physics and engineering problems, is
truly applicable to only a limited number of cases: Nature does not allow such simplicity. Os-
cillating motion, in general, is nonlinear. A departure from linear motion occurs whenever the
restoring force does not have a linear dependence on displacement; furthermore, the damping
force may not have a linear dependence on velocity. Thus an equation representing the free mo-
tion of an oscillating system may be written as

nix + Gix) + F(x) = 0 (4.1)

where F is nonlinear function of x and G is a nonlinear function of x.
For arbitrary functions F and G, the general solutions of Eq. (4.1) are not known. Equa-

tion (4.1) can be solved only for some particular cases. In general, we must use approximate
methods to get some idea of the nature of the oscillations. Each particular situation must be
treated as a special case and solved individually. We should keep in mind that the nonlinear na-
ture of oscillating systems is, in general, due to the large amplitudes of oscillating systems.

To get approximate solutions, several techniques have been developed. It is not possible
to tR-at them at any length in this chapter. We shall introduce the principle of superposition and
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the techniques of Fourier analysis, which are extremely helpful in solving nonlinear systems.
We shall employ the method of Green's function whenever the system is acted on by a large
force for a short interval of time. We shall extend our discussion to symmetrical and nonsym-
metrical nonlinear systems and use the techniques of series expansion and successive approxi-
mations in solving such problems. We shall conclude the chapter with a qualitative discussion
of these nonlinear systems employing the method of phase diagrams.

4.2 HARMONIC OSCILLATIONS IN ELECTRICAL CIRCUITS

There is a complete analogy between the free, damped, and forced oscillations of a single par-
ticle, which we discussed in Chapter 3, and several electrical circuits, which we discuss now.
Furthermore, this analogy extends to many physical situations in nature, including atomic, mol-
ecular, and nuclear physics. Some time ago, electrical circuits were constructed by analogy with
mechanical systems, but recently the situation has been reversed. Electrical circuit designs are
now so advanced that mechanical engineers use them extensively in investigating mechanical
vibrational problems.

Figure 4.1(i) shows the three mechanical systems that we have been discussing and
Fig. 4.1(ii) shows the corresponding electrical oscillating systems. Table 4.1 shows the corre-
sponding mechanical and electrical quantities in the oscillating systems. We shall discuss this
analogy presently. To start, let us consider Fig. 4.1(a)(i), which shows a simple oscillator con-
sisting of mass m tied to a spring of spring constant k. The mass moves on a frictionless surface
and hence behaves like a free oscillator. Its motion is represented by the equation

nix + kx = 0 or x + — x = 0
m

which has a solution

x = xQ cos co0t

where o>0 is the free natural frequency given by

» = /*0 V m

(4.2)

(4.3a)

(4.3b)

The electrical analogy to this, shown in Fig. 4.1(a)(ii), consists of a capacitor C and an induc-
tor L. Let Q = Q[t) be the charge on the capacitor at any time t and / = I{t) be the current through
the inductor. The relations between / and Q are

dQ
= Q

dt

Q = J Idt

(4.4a)

(4.4b)

The voltage drop across the inductor is

(4.5)
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(c) Forced oscillations

Figure 4.1 Analogy between (i) a mechanical system and (ii) an electrical sys-
tem: (a) free oscillations, (b) damped oscillations, and (c) forced oscillations.

Table 4.1 Analogy between Mechanical and Electrical Quantities

Mechanical

Displacement
Velocity
Mass
Compliance
Damping constant
Applied force

Electrical

X<r*Q

X<H>Q = I

m<H> L
l/k<r*C
b<H>R

Charge
Current
Inductance
Capacitance
Resistance
Applied emf
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and across the capacitor it is

107

(4.6)

Thus the sum of the voltages encountered in going around the whole circuit must be zero; that
is, by applying Kirchhoff's rule, we get

vL + vc = o

or dt C

Using Eqs. (4.4), we get

LQ +-Q = or Q + —Q = 0

(4.7)

(4.8)

This equation is identical to the mechanical system given by Eq. (4.2) provided

(2<->x, <2 <-> ic, L<^>m, and C<-H/fc

Assuming Q = Qo at t = 0, the solution is

Q = Qo cos co0t

with the free natural frequency

LC

If we differentiate Eq. (4.9), we may write

dQ

dt
= I = — o)0Q0 sin a)ot = — Io sin co0t

(4.9)

(4.10)

(4.11)

Let us now consider the damped oscillator shown in Fig. 4.1(b)(i). Note that we have
added a dashpot filled with viscous fluid to indicate damping with damping constant b. The dif-
ferential equation representing the motion of a damped oscillator is

mx + bx + kx = 0 (4.12)

while Fig. 4. l(b)(ii) shows the equivalent electrical circuit, where we have added a resistor R,
which is equivalent to the damping or frictional force in mechanical systems. The electrical
equation analogous to a mechanical system is

LQ + RQ + ^ Q = 0 (4.13)
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Figure 4.1(c)(i) shows a mechanical driven oscillator represented by the following
equation:

nix + bx + kx = F = Fn cos cot (4.14)

Figure 4.1(c)(ii) represents an analogous electrical driven oscillator with an emf source given
by s = s0 cos cot. The corresponding equation is

LQ +RQ Q = e = s0 cos cot (4.15)

To extend our analogy still further we give another example, shown in Fig. 4.2(a) and (b).
Suppose we apply a force F to a system consisting of two springs in line [Fig. 4.2(a)(i)]. The
net displacement x is given by the sum of the displacement xl and x2 caused by the two springs.
Thus

X = X,
F
Ki

I 1 F

k

That is, when the springs are in series, the equivalent k is given by

I _1 1 (4.16)

k2
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c = c, + c2
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Figure 4.2 Analogy between mechanical and electrical systems: (a) series sys-
tems, and (b) parallel systems.
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When the springs are in parallel [Fig. 4.2(b)(i)],

k = kx + k2 (4.17)

When the capacitors are in series [Fig. 4.2(a)(ii)], the equivalent capacitance C is

1 _ 1 1

c ~ cx
+~c2

and when the capacitors are in parallel [Fig. 4.2(b)(ii)], the equivalent capacitance C is given by

(4.18)

C = C2 (4.19)

Energy Considerations

For a free oscillator the total energy—the sum of the kinetic and potential energy—is always
constant as long as there is no damping and is given by

\mk2 + \kx2 = constant (4.20)

Either by analogy with this equation or from Table 4.1, and using Eqs. (4.9) and (4.11), we get

(4.21)

-LI1 is the energy stored in an inductor and is equivalent to the mechanical kinetic energy
.mv2; \Q2IC is the energy stored in the capacitor and is equivalent to the mechanical potential
energy \kx2.

Let us extend this analogy to a damped oscillator. Starting with Eq. (4.13),

and multiplying both sides by Q yields

LQQ

d (\
or

Since Q = I, we may write

d ( 1
It 2

Q
C

dt\2 C
(4.22)

(4.23)

This equation states that the rate at which the energy is being stored in the inductor and the ca-
pacitor is equal to the energy dissipated in the resistor, as it should be. For mechanical systems,
Eq. (4.22), after proper substitution, takes the following form:

d (I 1
(4.24)
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The preceding analogy can be further extended to a driven oscillator, getting its solution
and then writing an expression for average power dissipation, resonance, and quality factor.

4.3 PRINCIPLE OF SUPERPOSITION AND FOURIER SERIES

The principle of superposition is used throughout physics. Most students encounter this princi-
ple in the following simple form while studying wave motion and optics in general physics.

Principle of Superposition. When two or more waves travel simultaneously through a por-
tion of a medium, each wave acts independently as if the other were not present. The re-
sultant displacement at any point is the vector sum of the displacements of the individual
waves.

We now extend this principle to the case of harmonic oscillators and to linear operators in gen-
eral. If *,(?), x2(2),... are the solutions when the forces acting are F,(?), F2(t),..., respectively,
then x(t) = JC,(O + x2(t) + • • • is a solution when the force acting on the system is F(t) = Ft(t)
+ F2{f) + •••. We may further generalize as follows. The second-order linear differential equa-
tion describing a forced harmonic oscillator given by

dh
dt2 2y

dx

dt
(4.25)

may be written in general form as

(4.26)

We define a linear operator, L, as the quantity in the parentheses on the left; that is,

4 + B^ + ») (4.27)
dt2 dt )

Thus Eq. (4.25) or (4.26) may be written as

Lx(t) = F(t) (4.28)

According to the superposition principle:

If a set of functions xn(t), n = 1, 2, 3, . . . , comprises solutions of a linear differential
equation

LXnV) = Fn(t)

then the function x(t), which is a linear combination ofxn (t), that is,

where Cn are constants, satisfies the differential equation

Lx(t) = F{t)

(4.29)

(4.30)

(4.31)
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where

F(t) = 2 Cn Fn(t) (4.32)
n

We can prove this statement by substituting Eq. (4.30) into Eq. (4.31); that is,

Lx(t) = l [ X Cnxn(t)] = 2 CnLxn(t) = 2 Cn Fn(t) = F(t)
L n J n n

as it should be.
Let us apply these results to the general case of the driven harmonic oscillator we have

discussed in detail. Suppose the individual driving forces Fn(t) have a harmonic dependence of
the form cos(cont — 9n), so that

EYA = V f rrW/-.) t — ft "I (4 W\

n

When the force was of the form Fo cos(cot + 90), the steady-state solution was given by
Eqs. (3.99) and (3.100). Thus for F(t) given by Eq. (4.33), the steady-state solution is

i

V(<ug - col)2 +
co$(cont - 9n - <£„)

where

4>n = t a n - i

(4.34)

(4.35)

The general solution is the sum of the transient and the steady state and is given by

X(t) = Ae-T^t +6>) + ^ ^=^^=H=2 (4-36)

where the constants A and 6' are to be determined from initial conditions as usual. Similar re-
sults can be obtained if F(t) has a dependence of the form sin(<wn? — 9n).

With the help of the Fourier theorem we can extend the preceding type of consideration
to the case in which the driving force is periodic (but not harmonic) and is a continuous or piece-
wise continuous function. F(t) is a periodic function if it satisfies the condition

= F(f) (4.37)

where T = 2TT/O) is the period of the applied force. According to the Fourier theorem, any arbi-
trary periodic function, which is continuous or piecewise continuous, having only a finite num-
ber of discontinuities over a time period, can be expressed as a sum of harmonic terms. Thus
any function F{t) that is defined within a time interval -T/2<t< 772 [or a function F(x) within
a time interval — ir < x < n] can be expressed as a series of sine and cosine terms as

F(t) = — + A j c o s cot + A 2 c o s 2cot + ••• + A n c o s ncot + •••

+ fij s i n cot + B 2 s i n 2cot + ••• + B n s i n ncot + • • • (4.38a)
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w h e r e A n and Bn are cons tan ts and n = 1 , 2 , 3 , . . . , « , . . . , oo. Equa t ion (4 .38a) m a y also b e wri t-
ten as

F(t) = ^ + n cos n<ot + Bn sin ncoi) (4.38b)

„=!
The terms in the sum (on the right) form a Fourier series. The constants An and Bn can be eval-
uated by integration. For example, to evaluate An we multiply both sides of Eq. (4.38b) by
cos mwt (m being an integer) and integrate between the limits — 772 and 772:

J

+ 7-/2

F(0 cos mcot dt
-T/2

= -r2
•r/2

cos mul dt
T/2

cos «w? cos " J Sk+ #„ | sin cos

Since m and n are integers, for all values of m and «, we obtain
.+772

cos nwt cos mo)t dt = 0, if m =£ « and = 772 if m = n
' - 7 7 2

.+772

1
sin nw? cos mcot dt = 0, for all values of m and n

J-TIO-Til

•T/2

cos mwt dt = 0,
' - 7 7 2

Thus the values of Ao and An are

2 '+m

A=2

if m ± 0 and = T if m = 0

F(t) cos if n is an integer

(4.39a)

(4.39b)

That is, n = 1,2, 3 , . . . . Similarly multiplying Eq. (4.38b) by sin mcot and integrating, we obtain

if n is an integer (4.39c)
2 f+m

Bn = — F(f) sin nwf J
i J-r/2

That is, n = 1, 2, 3 , . . . . If necessary we can replace the integration limits — 772 (= —ir/co) to
772 (= + TT/CO) by 0 to T (=2TT/CO).

First one has to determine the appropriate number of terms that must be used in the Fourier
series to approximate the arbitrary driving force. This is illustrated in two cases: (1) a rectan-
gular function, and (2) a sawtooth function, as we shall discuss shortly. Once we know the se-
ries, each term used in the applied force has a corresponding solution. By adding all these so-
lutions we obtain the general solution of a damped harmonic oscillator driven by an arbitrary
force. In actual practice, obtaining solutions by this method is quite tedious, but in some situa-
tions it is helpful.
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Example 4.1

Consider the function F(0) given by the equations and graphed below. Find a Fourier series

expansion of the function F(0), where 0 (= co t) is a function of time t and angular velocity co.

Solution

Redefine function F(0) in terms of function f(0). Graph f(0) for the different values of 0 given
below.

between -TI<9<0

i=— between 0 <9 ^K
2

I : = - T I , - 1 9 — . . i t
20

F(6) :=*

f(9):=if(9>0,F(9),-F(9))

In order to find the Fourier series expansion
that will result in function f(0), we evaluate
the coefficients A0, A, and B by using
Eq. (4.39). Let T be the time period. As t
changes from -T/2 to T/2,0 changes from -n to n.

n : = 1 - 2 " 1 0 AO:=-I
ro

-n

f(6) 0

-2
- 4 - 2 0 2 4

-7t

cos(n-6)de + —
2

cos(n-9)de
0

sin(n-8)d9i- —
2

A 0 = 0

The values of the first two are
A0 =0 An = 0

For Bn even terms are 0, hence the expansion series
consists only of odd sine terms.

F( 9 ) = - - s i n ( 9 ) - h - - s i n ( 3 - 9 ) ^ - i
1 3 5

As an example, HI 1, HI2, and H13 represent series using
n = 1,2, and 3 terms, respectively.

uio A 0 2 •

H12 =—-H—sin

H13 =
n

2 1

AO 2_

1

--•sin(3-
3 V

-t---sin(5-9
5

sin(n-9)d8

An

0
0
0
0

0

0

-1.147-10"'5

0
0
0

2
0
0.667

0

0.4

0
0.286

0

0.222
0
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Now we change the range number
n to the desired value. We plot the
functions H (replacing F) using
different numbers of terms. HI
means 1 term, H3 means three
terms, H5 means 5 terms, and so
on. It is clear from the graph
below that the H function
approaches the F function as the
number of terms increases. For
example, using n = 15 terms, H
almost coincides with the f(9) plot.
Using more terms will make the
graph still closer to the rectangular
graph.

HI. L

H3.

H5. 0
1

H.
1

- 1

n:=0.. 15

AO

' ' 2

1

n = l

3

S

I:=200

A -cos/n-e.WB -sinfn-

l

20

= —-t- } (A -cosfn-G.) -i-B -sinfn-6.
2 Z_i V n \ V n \ i

5

S (A -cosfn-e.WB -sinfn-9

n= 1

10

y (A -cos(n-9. j -)- B -sin/n-9.

n= 1

Fourier Series

J/j< / \ fcl

1
0 2 4 6 8 10

Angle

(a) Write H5 in terms of an expansion series.
(b) How will the graph look if AO is not zero but is constant? Draw the graphs.
(c) Graph for 30 terms and 50 terms. What results do you expect?

(d) How will the plot of H versus 0 differ from H versus t?

EXERCISE 4.1 Consider the function shown in Fig. Exer. 4.1 in the interval - IT < 6 < v. Find a
Fourier series expansion of this function.



Sec. 4.4 Harmonic Motion and Green's Function 115

F(0)L

+ TT

lot

Figure Exer. 4.1

4.4 HARMONIC MOTION AND GREEN'S FUNCTION

Impulsive Force

When a very large force F(t) acts on a system for a very short interval of time At, an impulse is
>aid to be imparted to the system. It is the same thing when a force F(t) applied to a system has
a small value for a short interval of At, while almost negligible before and after this interval. By
applying the impulse-momentum theorem and the superposition principle to the oscillating sys-
tem, we can arrive at many interesting and useful results. According to the impulse-momentum
theorem,

or

and

Pf- Pi = F At = I pdt

Ap = F At

F
Av = — At

m

(4.40a)

(4.40b)

(4.40c)

We consider the application of this to several situations.

Case (/) An Oscillator Initially at Rest: To start, let us assume that we are dealing with
an undamped oscillator at rest; that is, x = 0 and x = 0. At time t = t0 an impulse is given to
the oscillator so that its velocity right after the impulse is v0. Thus from Eq. (4.40b),

or

Ap = mv0 = F At

v0 = —At
m

(4.41a)

(4.41b)
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Since at t = t0, x = 0 the displacement x of an undamped oscillator is

x = A sin[wo(r - t0)] (4.42a)

where A is to be determined from initial conditions. (Note that we have neglected any short dis-
placement that may result during a short interval At when the force is applied.) Differentiating
Eq. (4.42a) and substituting x — v0 when t = t0, we get

(4.42b)

and

Therefore,

Thus the general solution is

x = (o0 A cos[<o0(t - t0)]

v0 = (OQA

un F At Ap

mco0 mw0

(4.43)

x(t) = F At •
for t =£ tn

sin[wo(f - f0)], for t ^ tQ (4.44)

This procedure can be easily extended to the case of damped harmonic oscillators at rest,
for which

x = Ae-*'-'J s i n ^ r - t0)] (4.45)

and the final solution after the impulse has been applied is

x{t)

IO,

mw,

for t < t0

- t0)], for t ^ t0 (4.46)

Case (ii) An Oscillator Initially Not at Rest: Once again let us start with an undamped
oscillator, but this time initially it has a displacement x0 and velocity v0. Thus, starting with

x = B cos u>ot + C sin a>ot

and applying the initial conditions at t = t0, x = x0, and x = v0, we get

x = x0 cos <i)0(t - t0) + - ^ sin a>0(t ~ t0)

(4.47)

(4.48)

Let us now apply a force F(t) at t = t0 for short interval At. According to the impulse-momentum
theorem,

Ap = F At or Av - F
Af

m
(4.49)

where Av is a small additional velocity given to the system, which already has some velocity i>0

at time f0. The additional displacement resulting from the impulse may be calculated as if Av
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were the initial velocity; that is, by replacing vQ in Eq. (4.48) by Av given by Eq. (4.49), we get
the additional displacement xx to be

FAt

m(o0

sin a)0(t - t0) (4.50)

Thus the total displacement is the sum of x and xx given by Eqs. (4.48) and (4.50):

Vn F At
x{t) = x0 cos coQ(t — t0) + — sin co0(t — t0) + sin coQ(t — t0)

co0 mcoQ
(4.51)

We can extend this treatment to the case of a damped harmonic oscillator that at t — t0 has
v = xQ and x = vQ, while an impulse is given at t = t0. (See Problem 4.23.) Before the impulse
the motion is described by

x — e v [B cos co{t + C sin

After the impulse the motion is described by

xt = e * ' 'o} [x0 cos ft>,(f - t0) + — sin a>,(f - t0)) + ^ e-K'-«o) &i
ma).

(4.52)

- t0)] (4.53)

Continuous Arbitrary Force and Green's Function

As long as we are considering a linear oscillator, we can extend the application of the impulse-
momentum theorem to the case of an arbitrary force function. The solution is based on the
method developed by George Green. According to Green's method, an arbitrary force function
F{ t) can be thought of as a series of impulses, each acting for a short interval of time At and de-
Avering an impulse F(t) At, as shown in Fig. 4.3. Thus

F(t)= 2

where

= no,
= o,

t<t, „+!
if t < 0 or t > L

(4.54)

(4.55)

and t = n At. It is clear from Fig. 4.3 that if At —> 0, the sum of the series of impulses 2 Fn(t)
approaches F(t). If the system is linear, we can always apply the principle of superposition. This
allows us to write the inhomogeneous part of the differential equation as the sum of the indi-
vidual impulses. That is, for

mx + bx + kx = 2 Fn(t) (4.56)
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•I At

Figure 4.3 Arbitrary force function as a sum of a series of impulses.

the general steady-state solution is the sum of the individual solutions resulting from each Fn(t).
The individual solutions are of the type given by Eq. (4.46) for a single impulse. Thus the steady-
state solution of Eq. (4.56) is

x(t) =
mo).

(4.57)

which includes all solutions up to and including the Mh impulse. We can replace the summa-
tion by integration when Af —> 0 and tn = t'. That is,

,, {' F(t')
x{t) =

We define Green's function G(t, t') as

G(t, f) = -

= 0,

(4.58)

•sin[«,(f - t')], for t ^ t'

for t < t' (4.59)

Thus, in terms of Green's function, we may write the steady-state solution [Eq. (4.58)] as

x(f) = f F(t')G(t, t') dt' (4.60)
J — x
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The main advantage of this method is that the solution is already adjusted for initial conditions;
for example, in this case it is for a damped oscillator that is initially at rest at the equilibrium
position. We must add the transient solution to the steady-state solution [Eq. (4.60)] to obtain a
complete solution. For different initial conditions, solutions may be obtained by the same pro-
cedure. (See Problems 4.24 and 4.25.)

Example 4.2

A damped oscillator is acted on by the force function below. Using Green's function, graph
the response function as well as the applied force.
F(t) = 0 if t < 0 F(t) = Fo exp(-Yt) sin(cot) if t > 0

Solution
Let us assume the values of the
different variables are

The acting force F(t) may be written as
(This means that if t < 0, F(t) is zero;
otherwise graph the third term in ( ).)

i:=0.. 100 t : = - F0:=10 y:=.2

o:=2 col :=1 M :=.5

F(t) :=if(t<0,0,FO-e"Tt-sin(co-t))

-r(t-t')

Using Eq. (4.59), the corresponding Green's
function may be written as

The resulting displacement x is given by

The graphs of x and F versus t are
as shown.

How do you explain the variation in x with
time from the nature of the applied force?

G(t.t') :=if t<0,0,F0-
Mcol

•sin(co-t)

[*t.

F(t')-G(t.,tlN)df

200

100

-yt.

F0-

M\co —col

10

-100

1• A - A

10 20

EXERCISE 4.2 Repeat the above example for the case in which the sine term in the force
function is replaced by a cosine term. What difference do you observe in the two graphs?
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i / Example 4.3

Consider a damped harmonic oscillator that is suddenly acted on at t = 0 by a decaying force

= Foe-kl, t>0

Find the general solution by using Green's function. (A typical example of such a force is the decay volt-
age on a capacitor.)

Solution

Since

F{t) = F(t') = Foe~k>'

using Green's function, Eq. (4.59), the general solution, Eq. (4.60) is

x{t) = [ F(t')G(t,t')dt' = — f
h m oVo

- t')]dt'

(i)

(ii)

If we substitute

y = (o^t - t'), dy = - w, df, or

then the limits change from 0 —> t to wjf —> 0. Therefore,

x(t) = — f e"fae(^^/w'sinyrfy

In order to plot x versus t, we first solve
this equation for x. Solving for xt and
simplifying, the resulting equation is

f co l t

F0

m-col

k-y
Y

-k-t (ol . , , ,e -e -sin(y) dy

(o)lcos(colt)-sin(colt)k+sin(colt)Y)
x.=-F0 =—: : - ^ --exp(-t-Y) -t- F0-

[m-[o)l-yk -2-k-y-t-Y -|-col •)}}
exp(-k-t)

Using col and A given below, x can be written as

0

F0

m

(k-Y)2+col2
x=A-|e"kI-e"rt-

[m-(k - 2-k-y-i-y -t- col

k - Y
cos(col-t) ^sin(col-t)

col

(iv)

(v)
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Below we graph x versus t for 30 values of t and for 3 values of the damping constant y.

N : = 30 t : = 0 . . N n : = 1 . . 3 k : = . 4 F 0 : = 1 0 0 m : = . 5

A : =

FO

m

coO

coO = 0.894

k - Y + 0 ) 1

x. :=A

n 2-m

0.2

0.4
0)1 := IcoO - (y N

n A/ \ >n

-kt - V
k - Y n

cosfcol -0 -•sin('col_-t
0)1

x 1 for k > y

x2 for k =y

x3 for k < y

25 30

(a) If k > y and both are small compared to coQ, [o)j = (a% - y2)m] the term e kt has an effect only
for a short time in the beginning.

(b) When k = y and both are small compared to a>0, Eq. (v) takes the form

mco.
- cos (vi)

This means that the response function is still oscillatory, but with an exponentially decaying am-
plitude, as shown.

(c) If k <§ y, the forcing function ^(0 given by Eq. (i) takes over the oscillatory motion; that is, the am-
plitude of the oscillations starts decaying exponentially after an initial increase over a short inter-
val of time, as shown.

EXERCISE 4.3 Discuss the example if the decaying force at t = 0 is F(t) = -kt2.



122 Oscillating Systems Chap. 4

4.5 NONLINEAR OSCILLATING SYSTEMS

Before starting with this section, it will be worthwhile to review Section 3.2, where we explained
the difference between linear and nonlinear systems. We have already seen that linear systems
(systems in which the force is negatively proportional to the displacement) lead to harmonic os-
cillations (oscillations of one frequency). The condition imposed was that the motion must be
limited to a small region near the equilibrium point.

Let us now consider systems in which the motion is not restricted and hence the restoring
force is not proportional to the displacement. In general,

mix + F(x) = 0 (4.61)

where F(x) is the restoring force and is no longer linear. If damping is present, we shall have an-
other free function G(x), which may also be nonlinear. One outstanding characteristic of a non-
linear system is that, unlike linear systems, the time period of nonlinear systems, in general, de-
pends on the amplitude. (There are several good textbooks on nonlinear mechanics; we simply
introduce the subject here.)

Consider a system displaced to a position x from its equilibrium position x0 and under a
force F(x). Let us expand F(x) in a Taylor series about x0; that is,

m - -r (*

where F(x0) = 0 because x0 is the equilibrium point. Let x0 = 0 be the origin. Define

— k3,dx)0 ~ " 2 WX ~ 2' 6
and write Eq. (4.62) as

F(x) = kxx + k2x
2

(4.62)

(4.63)

(4.64)

We need not carry higher terms. If we consider only those forces that lead to stable equilibrium
for symmetrical systems, the even terms must vanish; that is, k2 = k4 = ••• = 0 and

F{x) = kxx + k3x
3 (4.65)

This force is symmetrical about the equilibrium x = 0; that is, the magnitude of the force ex-
erted on the system is the same for x and — x. If we set k\ = —k, where k is positive, and k3 =
— e, we get

F{x) = -kx - ec3 (4.66)

Remember, if e > 0 the system is hard and if e < 0 the system is soft. For this force, the corre-
sponding symmetrical potential is given by (force F = —dV/dx)

V(x) = \ (4.67)
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On the other hand, if the system is asymmetrical, the force, from Eq. (4.64), after substi-
tuting kx = —k,k2= —A and setting k3 = 0, is

F(x) = -kx - Ax2 (4.68)

Hence the asymmetrical potential is

V(x) = \ kx2 + I Ax3 (4.69)

We shall now discuss some situations dealing with symmetrical and asymmetrical potentials.

Symmetrical Nonlinear System

Consider a mass m which is suspended between two identical strings (or springs), as shown in
Fig. 4.4(a). The strings are elastic with a force constant kQ and tied to points A and B. When this
system is in position AOB it is in equilibrium and the tension in each string is So as shown. Let
us now displace the mass m horizontally through a distance x, as shown in Fig. 4.4(b). The
change in length of each string is (/ — /0); hence the restoring force is ko(l — l0). The tension S
in each string when it is in the displaced position is

S = So + kQ(l - (4.70)

We resolve S into components. The vertical components cancel each other, while the sum of the
horizontal components is —25 sin 6. Thus the motion of the mass m is described by the equation

m'x = —2S sin 6 (4.71)

Is"
0% m

(a) Equilibrium position (b) Displaced position

L = unstretched length of a string or spring

/ = stretched length of a string or spring

Figure 4.4 A mass m tied to two strings (or springs) constitutes a symmetrical
nonlinear system: (a) in equilibrium, and (b) in a displaced position.
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Remember that we have assumed no damping and also no driving force. (Later we shall apply
the force FQ cos cot and again solve the problem.) From Eqs. (4.70) and (4.71), we obtain

nix = -2[S0 + ko(l - /0)] sin 6

From Fig. 4.4(b), we can calculate the values for / and sin 6 to be

2 1 / 2

- (ft = / [ 1 + —l0 \ i ft
x 2 \ 1 / 2

and

x \ m

Substituting in Eq. (4.72) yields

nix = — 2 50 + kolo

Since JC2//2, is a small quantity, we can use the binomial theorem to expand

lx2

i0

Substituting these in Eq. (4.74), we get (dropping the x5 term)

I f I U C \
z o 0 / K0 J 0 1 3

mr = r — ^; —r DC
3

J x

Let

= fc and 'o\ -= e

Hence we can write Eq. (4.75) as

m3c = — kx — e x 3

(4.72)

(4.73a)

(4.73b)

(4.74)

(4.75)

(4.76)

(4.77)

which is the required equation representing a nonlinear system. Note that e is a small quantity
that is positive for a hard spring and negative for a soft spring. Let us assume that the approxi-

solution of Eq. (4.77) is still sinusoidal as in the linear systems. This should be approxi-
ly true because e is a small quantity. Hence,

mate
mately

x = A cos art (4.78)

Substituting for x = x, and x3 = JC3 in the right side of Eq. (4.77), we get a new equation in *,;
that is,

nix\ = —kA cos cot — eA3 cos 3 cot (4.79)
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Substituting

cos3 cot = \(3 cos cot + cos 3cot)

in Eq. (4.79) and rearranging,

mx\ = ~{kA + ~eA3) cos cot - \eA3 cos 3cot (4.80)

which on integration (assuming the integration constants to be zero) gives the required solution:

1 / 3 \ eA3

x, = ~ [kA + — eA3 cos cot + ——^
mco 36(o2 3cot (4.81)

This is the solution for a first-order approximation.
To find the relation between co and A we can make use of the assumption that e is small.

Thus, substituting a first-order approximation x = xx = A cos cot given by Eq. (4.78) in Eq. (4.81)
and dropping the last term, or by comparing terms (the second term on the right is zero), we get

m

3 ±
4 m

(4.82)

which indicates that the natural frequency co and hence the period T = 2ir/co are functions of the
amplitude A. The quantity co2 increases or decreases from u>l by an amount (3e/4m)A2 depend-
ing on the magnitude and the sign of e.

If there were an external driving force F = Fo cos cot acting on the system, as shown in
Fig. 4.4(b), Eq. (4.77) would take the form

nix = — kx — ex3 + Fo cos cot (4.83)

Following exactly the outlined procedure, we obtain the following solution (see Problem 4.26):

x, =
mco

r (kA + --2 \ 4
3 a ) cos cot +

m 36co2
cos 3 cot (4.84)

We shall not carry on with the discussion of resonances in this case; although they do
occur, they are quite different from those discussed in linear systems.

Asymmetrical Nonlinear System

According to Eqs. (4.68) and (4.69), the asymmetric force and potential representing such a non-
linear system are

F{x) = -kx - Xx2

V(x) = \kx2 + \\x3

The differential equation describing such a system without damping is

mx + kx + Xx2 = 0

(4.68)

(4.69)

(4.85)
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Dividing by m and substituting klm = a)2, an<^ A/w = A], we get

x + o^pc + A,*2 = 0 (4.86)

To obtain an approximate solution we use a perturbation method, as explained next.
If there were no nonlinear term (A,*2), the solution would have been x0. Since A[ is a small

quantity, the correct solution of Eq. (4.86) can be obtained by adding a small correction term to
x0; that is,

A 2 J C 2

xit) = x0 +

[To have higher-order corrections we must write

x{t) = x0 + Ajjc,

Substituting Eq. (4.87) in Eq. (4.86), we get

(x0 + <4*0) + (x\ + wgx,

Neglecting the higher-order terms in A2 and Â  results in

(x0 + W^Q) + (x\ + w2^, + 4)\{ = 0

For this equation to be valid for any value of A,, each term must be zero; that is,

(4.87)

= 0 (4.88)

(4.89)

(x0 + = o
(x\ + wgjc, + 4) = 0

(4.90)

(4.91)

Thus the solution can be obtained by first solving Eq. (4.90) for x0, substituting this in Eq. (4.91),
and solving for xx. Hence the final solution will be

x(t) = x0 + A^! (4.92)

Suppose the initial conditions are such that we have the following solution for Eq. (4.90):

x0 = A sin a>ot (4.93)

Initial conditions are included in this solution; hence we need not include the transient solution.
Substituting Eq. (4.93) in Eq. (4.91) yields

x\ + w2^! = - A sin co0t = - — - ( 1 - cos 2co0t)

The general solution of this is

x,(0 = B cos 2(o0t + C

Substituting in Eq. (4.94) and rearranging, we get

A2 I A \
cos 2coQt + f + — + o>2CJ = 0

(4.94)

(4.95)

(4.96)



Sec. 4.6 Qualitative Discussion of Motion and Phase Diagrams 127

For this to be true for any value of t we must have

' 2
A2

= 0 or B = ;• (4-97)

A A
+• — + alC = 0 or C = T

2 2o>

Substituting in Eq. (4.95), we get

c o s

2o>0

(4.98)

(4-99)

Thus the general steady-state solution for a first-order approximation in A (Aj = A/m) is

AA2

JC(O — JC0 + A^! = A sin
A

H ^-r(cos 2co0t + 3)
6ma>0

(4.100)

That is, the solution contains not only the free natural frequency a>0, but also its higher har-
monic 2(o0. This method is not without fault. If we make the next approximation, we obtain term
t (a secular term) in the solution, which is physically not acceptable for the present situation.

4.6 QUALITATIVE DISCUSSION OF MOTION AND PHASE
DIAGRAMS

Energy Diagram

The following equations [Eqs. (3.2), (3.3), and (3.4)] were obtained in Chapter 3:

E = \mx2 + V(x)

and

i=±J-[E- V(x)]
I m

dx
h-t] = ± A / -

, \/E - V(x)

(4.101)

(4.102)

(4.103)

Once we know V(x) and E, we can solve Eq. (4.103) to get a relation between x and t. But much
can be learned about the qualitative nature of motion without actually solving these equations.
This can be achieved in two ways: (1) by plotting V(x) versus x, and (2) by plotting x versus x.
Before we discuss this, we must note the following:

1. Kinetic energy cannot be negative; this will also assure that v is not imaginary.
2. Potential energy V(x) cannot be greater than the total mechanical energy E of the system.

If V(x) = E, kinetic energy K must be zero; hence the system must be at rest.
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Let us consider an arbitrary potential plot V(x) versus x shown by the boldface curve in
F.z - 5 a). (A similar situation was discussed in Chapter 2, but now we discuss it by two slightly
r.~r'ent methods.) Suppose a particle of mass m can assume different energies, as discussed

Particle with energy £n: This energy corresponds to minimum potential energy Vo and the
-•~~\: le is at x0 in stable equilibrium. While at x0 the kinetic energy is zero; and if the particle is
z-r!jced slightly it will return to x0.

." i Particle with energy £,: This energy is greater than the minimum potential energy Vo and
::c particle will oscillate between x{ and x\. Since for this low energy Ex the potential energy
-e:\veen xx and x\ is symmetrical, the oscillations will be simple harmonic. While oscillating,
.-.•? kinetic energy and the velocity are maximum when in between the points xx and x\\ it has
:ero velocity at xx and x[. As the particle approaches xx or x[, its velocity decreases, it comes to
. vtop, and it then reverses its direction of motion at either of the two points xx and x\. These
roints are called the turning points and the particle at these points has zero kinetic energy and
maximum potential energy. The particle cannot exist in the region for which x < xx or x > x[
because this will result in an imaginary velocity.

(2) Particle with energy E2: The particle can either oscillate between x2 and x'2 or be at rest
and in stable equilibrium, x2. There are two turning points x2 and x'v Since the potential V01

(> Vo) does not correspond to the lowest energy state (which is Vo), it is called a metastable state.
Also, the potential V(x) between x2 and x2 is asymmetrical; hence the oscillations are nonlinear.
Again motion is not permitted in the regions x < x2 and between x'2 and x®.

(3) Particle with energy E3: There are four turning points, x3, x'3, and x"3, x3. Because of the
asymmetrical nature of the potential between x3 and x3, the oscillations are nonlinear in this val-
ley. On the other hand, the potential between x'3" is parabolic and hence symmetrical, thereby
resulting in linear oscillations in this valley. Once again motion is not permitted in regions for
x < x3, x3 < x < x"3, and x > x'3".

(4) Particle with energy E4: When the particle is at x\", the potential energy is maximum (one
of the maxima); hence x% is a position of unstable equilibrium. If slightly displaced it could os-
cillate between x4 and x\" or between x'2 and x4; in both cases the motion is nonlinear because of
asymmetrical potentials in both regions. Also, when the particle reaches x%, it could move in ei-
ther region. Again, for x < x4 and x > x'4, motion is not permitted because it results in negative
kinetic energies and hence imaginary velocities.

(5) Particle with energy E5: There is only one turning point, x5. The particle traveling from
the right with energy E5 when it reaches x5 comes to a stop, reverses its direction, and travels
back to the right. While coming or going, the particle moves over hills and valleys. As it passes
over the hills its velocity decreases; while passing over the valleys the velocity increases. Also,
the deeper the valley, the higher the velocity is; and the higher the hill, the lower the velocity.
That is, the particle will decelerate as it passes over the hills and accelerate as it passes over the
valleys.
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V(x)i

(a) Energy diagram

(b) Phase diagram

Figure 4.5 Motion of a particle with different energies E in an arbitrary poten-
tial V(x) represented as (a) an energy diagram in which V(x) is plotted versus x,
and (b) a phase diagram in which x is plotted versus x.
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(<5) Particle with energy E6: There are no turning points. The particle simply keeps on mov-
ing, slowing down over the hills and speeding up over the valleys.

The preceding discussion is the result of the energy conservation principle given by
Eq. (4.101). Also, when the particle has energy E5 and E6, the motion of the particle is unbound,
while in all other cases the motion is bound.

Phase Diagrams

To completely specify the state of motion of a one-dimensional oscillator, two quantities must
be specified. According to Eq. (4.102), we have

= ±\-[E- (4.102)

If we know V(x) as a function of x, the motion may be represented by plotting x versus x. (This
is in accord with a second-order differential equation in which two constant quantities are
needed to describe motion.) The coordinates x(t) and x(t) uniquely describe the state of motion
for any time in two dimensions. Any point P(x, x) describes the state of the motion in the phase
plane, and the locus of such points is called the phase diagram, phase portrait, or phase tra-
jectory. In general, if we are dealing with ^-dimensional motion or the system has n degrees of
freedom, 2n coordinates will be required to describe motion in a 2n-dimensional phase space.
Also, for a constant value E, that is, for a conservative system, the motion in a phase plane is
periodic, x(t + T) = x(t) and x(t + T) = x(t), and the paths are closed curves.

The phase diagram shown in Fig. 4.5(b) for potential energy V{x) and for different values
of E in Fig. 4.5(a) can be understood after we discuss the following.

As a first illustration, let us apply the preceding ideas to the case of a one-dimensional sim-
ple harmonic oscillator for which V(x) = \kx2 Thus, for conservation of energy,

\mx2 + \kx2 = E

x2

or
x2

2Elk 2E/m
= 1

(4.104a)

(4.104b)

which is an equation of an ellipse with \2Elk and V2E/m representing the semimajor and
semiminor axes, respectively, and each E representing a unique ellipse. For different values of
£ we get a family of ellipses, as shown in Fig. 4.6. The same result can be arrived at by starting
with the solution of a simple harmonic oscillator; that is,

x = A cos(ca0t + <f>)

x = —

X

A '

sin(ft)of + (f>)

(4.105)

(4.106)
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Figure 4.6

Below is the phase diagram for a one-dimensional simple harmonic oscillator for different
values of E.

For given values of M, k, b,
and the phase angle 0, we can calculate
the values of ©0 and -y.

As we know the total energy El , E2,
and E3 for three simple harmonic
oscillators, we can calculate the
corresponding amplitudes.

M . - l

coO := ( A

coO = 1.414

El :=15

Al :=

k:=2

y\ =
2-M

E2:=7

A2 :=

b := .2

0 :=0

E3:=10

A3 :=

Al = 3.873 A2 = 2.646 A3 = 3.162

I . -100 i : = 0 . . I t - i -
1 10

xl. :=Al-cos(coO-t-i-«t») vl . :=-coO-Al-sin(coO-t. + 0)

With these values, we can now write
the expressions for the displacements x
and the corresponding velocities v (by
differentiating x with respect to t) for
the three harmonic oscillators and
graph them.

ia) If the phase angle 0 is TI/2, how
do the phase diagrams change?

ib) How does the increase in the
values of M, k, b, and y affect the
graphs?

• c) What factors affect the change in
the values of the amplitude, frequency,
and energy of the oscillating system?
Verify your answer by graphing.

x2. :=A2-cos<o0-t. v2. : = -coO-A2'.sin coO-t

x3j :=A3-cos^coO-ti-t-0) v3 ; :=-coO-A3-sinfcoO-t-i-<

Phase diagram for one dimension SHO
10

vl.

- - 0

v3. Jj)

xl.,x2.,x3.
i l l

Displacement
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or = — sin(w0?

To eliminate t, square and add these two equations; that is,

2 * 2

Using WQ = k/m and E = jM 2 , we get

JC2

= 1
2E/k 2Elm

The first thing we note about the phase paths in Fig. 4.6 is that the motion is clockwise; the rea-
soning is that, for x > 0, x is always decreasing, while for x < 0, x is always increasing. Fur-
thermore, no two phase paths cross each other. Mathematically, the reason is that each solution
of the differential equation is unique. Physically, it means that if a particle is capable of chang-
ing its path and hence changing its energy, it leads to the nonconservation of energy. But we as-
sume that for a given path a particle has a given energy.

Let us see how the phase diagram will look for an underdamped harmonic oscillator. Equa-
tions of x a n d i are

x = Ae uj? + 4>)

and x =

(4.107)

(4.108)

The oscillator is continuously losing energy. Using plane polar coordinates (p, 6) we can show that

p = w1Ae(~1'/M')fl (4.109)

which is an equation of a logarithmic spiral. Without going into any details, we state that the
phase path is as shown in Fig. 4.7. An oscillating particle spirals down a potential well and even-
tually it comes to rest when it reaches x = 0.

Finally, we discuss the phase diagram of a nonlinear system, as shown in Fig. 4.8(a). The
asymmetric potential shown represents a hard system for x < 0 and a soft system for x > 0.
Using the relation

- V(x)

and the plot of x(x) versus x, we get the phase diagram shown in Fig. 4.8(b). The three oval-
shaped closed paths correspond to three different energies, assuming that there is no damping.
If damping were present, all paths would spiral down to x = 0.

The phase diagram in Fig. 4.5(b) should now be easy to understand. This phase diagram
corresponds to the energy diagram in Fig. 4.5(a).
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Figure 4.7

Below are phase diagrams for a damped harmonic oscillator using polar coordinates and
rectangular coordinates.

The values given on the right are good for M:=.O1 k:=4
three damped oscillators with energies E,
E l , and E2, but with the same damping k b

r ° coO := — y:=
constant. The phase diagram below is for ^ M >\ 2-M
the oscillator with energy E. The others
can be graphed in the same way. coO = 20 y = 2.236

(a) How will the phase diagrams change
if the energy E is increased or decreased? E := 1000 El :=20
Check this by graphing.

A

(b) What is the fundamental difference
between the two types of phase diagrams?

b:=.l

(c) Are the plots clockwise or
counter-clockwise and why?

Polar Graph

n
:=2-jt-

100

pn :=col-A-e

A =22.361 Al =3.162

N:=1000 n : = 0..N

Rectangular Graph
-ft

xn:=A-e "-cosfcol-t,,-

- r t

wl :=^
, 2 2

- Y

col = 19.875

E2:=40

A2 := J2-~
k

A2 =4.472

t ! — -
100

vn : - - "-(ycos((nl- t n +()>)-!-col-sin(col-tn-i-<

120

-20 -10 10

Displacement

20 30
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(b)

Figure 4.8 Phase and energy dia-
grams of a nonlinear system with asym-
metrical potential.

PROBLEMS

4.1. Draw an equivalent electrical circuit for the mechanical system shown in Fig. P4.1. Set up the equa-
tions for describing motion. Calculate different possible frequencies.

\hhhhhr m2 m3

Figure P4.1

4.2. Draw an equivalent electrical circuit for the mechanical system shown in Fig. P4.2. Calculate dif-
ferent possible frequencies.

Figure P4.2

4.3. Derive Eqs. (4.17), (4.18), and (4.19).
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4.4. For a spring vibrating vertically under the action of gravitational pull, draw the equivalent me-
chanical and electrical systems and write the necessary equations.

4.5. Discuss the electrical equivalent of the following: (a) average power dissipated, and (b) the qual-
ity factor.

4.6. Consider the electrical system shown in Fig P4.6. Calculate (a) the resonance frequency, (b) the
resonance width, and (c) the power absorbed at resonance.

/0 sin cot

ln sin ait Figure P4.6

4.7. Calculate the oscillation frequency for the circuit in which R = 150 ohm (fl), C = 20 microfarad
(fiF), and L = 0.1 henry (H).

4.8. Show that in an RLC circuit for which R is negligibly small the logarithmic decrement of oscilla-
tion is = TrR{CIL)m.

4.9. A series electrical circuit contains a resistance R, a capacitance C, and an inductor L An emf s =
s0 COS u)t is applied to the circuit. Solve and discuss the transient and steady-state solutions. Find
the steady-state expression for the current. Do this problem in analogy with a forced harmonic os-
cillator. Calculate the phase angle between the current and the emf. Graph the values to describe
motion.

4.10. Consider the RLC circuit discussed in Problem 4.9 and derive an expression for the current as a
function of time t. Show that the current decreases to zero as the frequency of the alternating emf
goes to zero. Graph this.

4.11. A source of emf is connected to two impedances Z, and Z2 in series. Obtain expressions for the
powers dissipated in Z, and Z2.

4.12. Calculate the impedance of the circuit shown in Fig. P4.12. Show that for co = u>0 = 1/VLC the
current flow is minimum. Calculate the Q of the circuit.

Figure P4.12

4.13. Consider the parallel RLC circuit shown in Fig. P4.13. Calculate Z from the relation

1/Z = 1/Z, + 1/Z2
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where Zx is the impedance of Rt and C in series, while Z2 is the impedance of R2 and L in series:
hence Zx and Z2 are in parallel. Calculate the value of the total current when both current and emf
are in phase. What happens when R, = R2 = 0?

Figure P4.13

4.14. Construct the electrical analog of the system shown in Fig P4.14 and calculate the impedance. bl

and b2 are damping parameters resulting from the friction between each mass and surface, a> is the
frequency of the driving force, and mass m2 slides back and forth on mass m,. Do this problem as-
suming the absence of spring k2.

Figure P4.14

4.15. Repeat Problem 4.14 assuming the presence of both springs kx and k2.

4.16. By using a Fourier technique, obtain both the sine and the cosine series in the interval 0 < 6 < IT
for the function

1, forO < d< 7T-/2

0, for 7r/2 < 6 < IT

4.17. Calculate a Fourier series representation (Fourier transform) represented by the following function:

F(t) =
0, if nT< t <{n + \)T

[Fo = constant, if (n + \)T < t < (n + l)T

4.18. Calculate a Fourier series represenation (Fourier transform) represented by the following function:

fO, if - 2TT/W < t < 0F(t) =
sin (ot, if 0 < t < 2TT/(0

4.19. An underdamped oscillator has a natural frequency WQ. An impulse force function of constant mag-
nitude acts for a time T = 2TT/W0. Calculate the response function and give its physical interpreta-
tion by graphing it.
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4.20. A linear oscillator is under the influence of the following force function:

o,
— \ma sin cot,

0,

ift<0

ifO < t < TT/(D

if t > TT/O

Calculate the response function. Make a graph to describe the motion.

4.21. A damped oscillator is acted on by the following force function:

F(t) =
fO, if f < 0

[Foe'71 smart, if t > 0

Using Green's function, calculate the response function. Graph it.

4.22. Derive Eq. (4.46) for the case of a damped harmonic oscillator.

4.23. Derive Eq. (4.53) for the case of a damped harmonic oscillator.

4.24. Extend the results obtained in Eq. (4.51) to the case of multiple impulses and obtain a solution by
using Green's function of the form given by Eqs. (4.59) and (4.60).

4.25. Extend the results obtained in Eq. (4.53) to the case of multiple impulses and obtain a solution by
using Green's function of the form given by Eqs. (4.59) and (4.60).

4.26. Derive Eq. (4.82) and Eq. (4.84) by the procedure outlined in the text.

4.27. A particle of mass m moving in a resistive medium is acted upon by a series of impulses of force
F(t) at times tt, t2, and so on, each for a short duration At. Find the resulting velocity of the particle.

4.28. Show that for a nonlinear differential equation of the type x + ex2 = 0 the superposition princi-
ple does not hold.

4.29. Suppose in Fig. 4.4 that each string must be pulled a distance d before attaching mass m. Show that
under such conditions

4.30. For Eq. (4.93), assume x0 = A cos o)0t and obtain a solution similar to the one leading to Eq. (4.100).

4.31. Consider a particle described by an equation of the form

x + a>lx — Ax2 = 0

Obtain a correct second-order solution by using

x(t) = x0 + Ax, + A2x2

4.32. Suppose in the case of a pendulum that the amplitude of the motion is not small. Show that the hor-
izontal motion of the pendulum may be represented approximately by

" + 3 0

4.33. Consider the case of an overdamped oscillator and draw the phase diagrams for the following cases
(v0 = x0): (a) v0 > 0, (b) D0 < 0 and is small, and (c) v0 > 0 and is large.
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4.34. For the case of an underdamped oscillator, derive Eq. (4.109) by using u = G^X, V = yx + x,
6 = aj, and Eqs. (4.107) and (4.108) in p = (u2 + v2)m. Draw the phase diagrams.

4_35. A particle of mass m is under the influence of potential V = A\x\n. Show that the time period for
such motion is given by

r(i/2 +
Calculate the value of 7" for n = 2 and 3.

436. Construct the phase diagram for the case n = 2 in Problem 4.35.

437. Construct the phase diagram for n = 3 in Problem 4.35, that is, for V = -Ax3.

438. A particle moves under the influence of a constant force Fo when x < 0 and under a constant force
- Fo for x > 0. Describe the motion by constructing a phase diagram.
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